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Abstract 

Meta-analysis is the statistical analysis of effect sizes obtained from a 

large collection of empirical studies, or simply the analysis of analyses. Meta-

regression is a tool used in meta-analysis to examine the impact of moderator 

variables on study effect size using regression-based techniques.  

Similar to other types of data, it is not uncommon to observe extreme 

effect size values when conducting a meta-analysis. The presence of outliers 

may affect the validity and strength of meta-analysis results. There are few 

procedures to detect outliers in meta-regression which were extended from 

multiple linear regression.  

This thesis proposes a new procedure for detecting suspicious outliers 

in meta-regression; based on the penalized maximum likelihood method with 

smoothly clipped absolute deviation (SCAD) penalty function. Parameter 

estimates are obtained by applying coordinate descent algorithm, and the 

cross-validation criterion is used to determine the tuning parameter which 

controls the tradeoff between the likelihood and the penalty. 

For illustration purposes, the proposed procedure is applied on a real 

data set of the effectiveness of writing-to-learn interventions on academic 

achievement based on 26 different studies. The results show a consistent 

performance of the proposed procedure with other procedures. 
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  الملخص الدراسي

 حول اكتشاف القیم الشاذة في التحلیل التلوي

التحلیل التلوي ھو التحلیل االحصائي للقیم المؤثرة التي تم الحصول علیھا من 

مجموعة كبیرة من الدراسات التجریبیة، ویمكن ببساطة اعتباره تحلیل التحلیل. االنحدار 

التلوي ھي أداة تستخدم في التحلیل التلوي الختبار تأثیر المتغیرات الوسیطیة على تلك 

  م تقنیات تحلیل االنحدار. القیم المؤثرة باستخدا

ً وجود القیم الشاذة في التحلیل التلوي، حالھا كحال البیانات اإلحصائیة  لیس مستبعدا

األخرى. وجود مثل ھذه القیم الشاذة قد یؤثر على قوة ورصانة نتائج التحلیل التلوي. یوجد 

ھنالك عدة طرق الكتشاف القیم الشاذة في اإلنحدار التلوي وقد تم استنباطھا من تحلیل 

  طي المتعدد. االنحدار الخ

ھذه الدراسة طریقة جدیدة لتحدید القیم الشاذة في تحلیل االنحدار التلوي، تقدم 

یعتمد على طریقة األرجحیة القصوى المعاقبة مع استخدام دالة االنحراف المطلق السلس 

، حیث تم تقدیر معالم النموذج باستخدام خوارزمیة تنسیق النسب، باالعتماد ختصرالم

وازن بین جزئي تلحساب معلمة الضبط التي تتحكم بال تصحیح المتقاطعالعلى معیار 

  األرجحیة والمعاقبة.

دراسة توضح فعالیة  26تم تطبیق الطریقة المقترحة على بیانات حقیقیة تتمثل في  

التدخل المتمثلة في "اكتب لتتعلم" على التحصیل األكادیمي، حیث أظھرت النتائج أن 

ً للطر ً متسقا   یقة المقترحة مقارنة بالطرق االخرى.ھناك أداء
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CHAPTER 1 
INTRODUCTION 

1.1 Background 

The task of combining individual studies to help the decision making to answer a 

question such as if a treatment was effective or not, had been passed through many stages. 

The first stage was the narrative reviews, are also called the expert reviews (Impellizzeri & 

Bizzini, 2012), in which an expert in a given field would read the studies that addressed a 

question, summarized the findings, and then arrive a conclusion. 

However, this approach suffers from some important criticisms (Borenstein et al., 

2009; DeCoster, 2004), it lacks of reliability, since it’s based on the author opinion, rather 

than on publicly shared standards, which may end to a wrong conclusion. 

Beginning in the mid 1980's and taking root in the 1990's, researchers in many fields 

have been moving away from the narrative review and started a new stage which are 

systematic reviews and meta-analysis (Borenstein et al., 2009). 

Dempster (2011) defines a systematic review as: "a comprehensive review of 

literature which differs from a traditional literature review in that it is conducted in a 

methodical (or systematic) manner, according to a pre-specified protocol to minimize bias, 

with the aim of synthesizing the retrieved information". 

The Cochrane Collaboration defines a systematic review as:  

"a comprehensive high-level summary of primary research on a specific research 

question that attempts to identify, select, synthesize and appraise all high-quality evidence 

relevant to that question to answer it" (Harris et al., 2013). 

(Hemingway & Brereton, 2009) states that high quality systematic reviews seek to: 

1. Identify all relevant published and unpublished evidence. 

2. Select studies or reports for inclusion. 

3. Assess the quality of each study or report. 

4. Synthesize the findings from individual studies or reports in an unbiased way. 

5. Interpret the findings and present a balanced and impartial summary of the findings 

with due consideration of any flaws in the evidence. 
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1.2 Meta-analysis 

The term "meta-analysis" was coined by Gene V. Glass (Glass,1976), who was the 

first modern statistician to formalize the use of the term meta-analysis. He states: My major 

interest currently is in what we have come to call not for want of a less pretentious name the 

meta-analysis of research. The term is a bit grand, but it is precise, and apt, and in the spirit 

of "meta-mathematics," "meta-psychology," and "meta-evaluation." Meta-analysis refers to 

the analysis of analyses. 

A meta-analysis does not necessarily mandate comprehensive inclusion of all studies 

relevant to a specific topic (e.g., as in a systematic review), only the mathematical 

assimilation of studies. Thus, not all meta-analyses are systematic reviews. Likewise, not all 

systematic reviews are meta-analyses unless all studies are identified, included and analyzed 

(systematic review) quantitatively (meta-analysis) (Harris et al., 2013). 

1.2.1 The Application of Meta-analysis 

Meta-analysis is used in many fields of researches, as given below: 

1) Medicine: (Borenstein et al., 2009) has indicates that systematic reviews and meta-

analysis form the core of a movement to ensure that medical treatments are based on the best 

available empirical data. 

 The Cochrane Collaboration has published the results of over 3700 meta analyses, 

which synthesize data on treatments in all areas of health care including headaches, cancer, 

allergies, cardiovascular dis-ease, pain prevention and depression. 

 British Medical Journal (BMJ) publishes a series of journals on Evidence Based 

Medicine, built on the results from systematic reviews.  

Systematic reviews and meta-analyses are also used to examine the performance of 

diagnostic tests and of epidemiological associations between exposure and disease 

prevalence, among other topics. 

Pharmaceutical companies usually conduct a series of studies to assess the efficacy of 

a drug. They use meta-analysis to synthesize the data from these studies, yielding a more 

powerful test (and more precise estimate) of the drugs effect. 
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2) Psychology: (Borenstein et al., 2009)  

 Meta-analysis has been applied to basic science as well as in support of evidence-

based practice. It has been used to assess personality change over the life span, to assess the 

influence of media violence on aggressive behavior, and to examine gender differences in 

mathematics ability, leadership, and non-verbal communication.  

 Meta-analyses of psychological interventions have been used to compare and select 

treatments for psychological problems, including obsessive-compulsive dis-order, 

impulsivity disorder, bulimia nervosa, depression, phobias and panic disorder. 

3) Criminology: (Borenstein et al., 2009)  

 Government agencies have funded meta-analyses to examine the relative 

effectiveness of various programs in reducing criminal behavior. These include initiatives to 

prevent delinquency, reduce recidivism, assess the effectiveness of different strategies for 

police patrols and for the use of special courts to deal with drug-related crimes. 

4) Ecology: (Borenstein et al., 2009)  

 Meta-analyses are being used to identify the environmental impact of wind farms, 

biotic resistance to exotic plant invasion, the effects of changes in the marine food chain, 

plant reactions to global climate change, the effectiveness of conservation management 

interventions and to guide conservation efforts. 

5) Education: (Hartung et al., 2008)  

 Meta-analysis is useful in combining studies about coaching effectiveness to improve 

Scholastic Aptitude Test (SAT) scores in verbal and math, in studying the effect of open 

education on: 

(i) attitude of students toward school and  

(ii) student independence, self-reliance and in combining studies about the relationship 

between teacher indirectness and student achievement. 

6) Social sciences: (Hartung et al., 2008) 
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 There is a need to combine several studies of gender differences in separate 

categories of quantitative ability, verbal ability and visual-spatial ability. 

7) Business applications:  

In the context of business management and administration, one often encounters 

several studies with a common effect, and the problem then is of drawing suitable inference 

about the common effect based on the information from all the studies. Here are some 

examples. 

In the context of studying price elasticity, (Tellis, 1988) reports results from 42 

studies, (Sethuraman, 1995) performed meta-analysis of national brand and store brand cross-

promotional price elasticities. 

1.2.2 Outliers in Meta-analysis 

Similar to other types of data, it is not uncommon to observe extreme effect size 

values when conducting a meta-analysis and the presence of outliers may affect the validity 

and strength of meta-analysis results, therefore few methods were used to detect outliers in 

meta-analysis models. 

Most of these methods are extended from linear regression models as explained in 

Chapter 4. 

In the context of outlier detection, there is a need to provide alternative methods for 

detecting outliers to present more evidences that the identified observations are indeed 

outliers. 

1.3 Problem Statement 

Outliers may affect the parameters estimates and it is common to exist in all statistical 

data. The problem of outliers in meta-regression has received limited consideration of 

researchers. Therefore, introducing alternative detection procedures will make the 

identification of outliers more accurate and reliable.   

A new iterative procedure based on penalized maximum likelihood estimation is 

proposed to detect possible outliers in the mixed-effect-model. The methods are applied on a 
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real data set of the effectiveness of writing-to-learn interventions on an academic 

achievement. 

1.4 Objectives 

Based on the statement of problem above, this thesis aims to achieve the following 

objectives for this study: 

1- To review and understand the characteristics of the mixed-effect regression models. 

2- To propose a new method for detecting outliers and estimating parameters in mixed-

effect models based on Penalized Maximum likelihood. 

3- To illustrate the proposed technique on real data. 

1.5 Methodology 

In order to achieve the objectives of the study, the methodology of this study is 

divided into the following three parts: 

Part I: Review the concepts and main methods of meta-analysis, with more concentration 

on meta-regression and detection of outliers in meta-analysis. 

Part II: Propose the Penalized Maximum Likelihood to detect possible outliers in meta-

regression and construct the required code by using R software. 

Part III: Apply the proposed method on real meta-data. 

1.6 Thesis outline 

This study will focus on proposing a reliable method to detect outliers in meta-

regression, the topics are presented as follows: 

Chapter one: Introduces the definition and the history of Meta-analysis with its applications 

in different fields of Sciences. 

Chapter two: Reviews various measures of effect size according different types of data. 

Chapter three: Presents the main models of meta-regression and the method of selecting the 

appropriate model. 
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Chapter four: Defines the meaning of outliers and influential points, and the common 

methods to detect outliers and influential points in meta-regression models. 

Chapter five: An Alternative method for outlier’s detection in meta-regression based on the 

penalized maximum likelihood estimation is proposed. 

Chapter Six: An Application on the effect of write-to-learn intervention, to illustrate the 

fitting the meta-regression model for data as well as compare the performance of the 

proposed and common procedures for detecting outliers. 

Chapter Seven: Presents a list of conclusions and recommendations. 

A comprehensive list of all the cited references through the study as listed in the references. 

Furthermore, a set of used data, software codes and relevant materials are listed in 

Appendices. 
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CHAPTER 2 

VARIOUS MEASURES OF EFFECT SIZES 

2.1 Introduction 

This chapter introduces the effect size which is the unit of analysis in meta-analysis 

and presents the classifications of the outcome of data according to its nature, since it plays a 

vital role in choosing the suitable effect size in the analysis. 

2.2 Types of Data and Effect Measurements 

The effect size is the unit of analysis and quantity of interest in meta-analysis, it 

measures the strength, magnitude and the direction of a relationship between variables 

(Borenstein et al., 2009). 

The term treatment effect is used in medicine field, to refer to an effect size such as: 

odds ratio, risk ratio, risk differences, …etc. It is appropriate only for an index used to 

quantify the impact of a deliberate intervention. Likewise, social science simply uses the term 

effect size to refer to an effect size such as: standardized mean differences, correlation, etc. It 

is used when the index quantifies the relationship or the difference between two groups, such 

as the differences between males and females. Even though, the classification of an index as 

effect size or a treatment effect has no bearing in the computation, we will use the term effect 

size in generic sense to include treatment effect as well (Borenstein, et al. 2009, Littell , et 

al.2008). 

It is worth to classify the outcome measurements before starting our work with meta-

analysis, since the way in which the effect of the intervention can be measured depending on 

the nature of the data being collected. The outcome data can be classified into five types as 

follows (Higgins and Green, 2008): 

1. Continuous data: Where each individual's outcome is a measurement of a numerical 

quantity, such duration of pregnancies (for each woman), length of hospitalizations, years of 

education, and scores of tests. 
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2. Binary (dichotomous) data: Where each individual's outcome is one of only two possible 

categorical responses (0 absence, 1 presence) of characteristic or event, such as, pregnancy, 

out-of-home placement, hospitalization or high school graduation. 

3. Ordinal data and measurement scales: Ordinal data are outcomes of several ordered 

categories, or generated by scoring and summing categorical responses, such as the 

classification of a disease severity into 'mild', 'moderate', or 'severe'. 

Measurement scales are one particular of ordinal outcome frequently used to measure 

conditions that are difficult to quantify, such as behavior, depression, and cognitive abilities. 

4. Counts and rates of events data: which are calculated from counting the number of 

events that each individual experience. 

5. Time-to-event survival data: data that analyses the time until an event occurs, but where 

not all individuals in the study experience the event (censored data). 

2.3 Choosing an Effect Size 

There are many of considerations should be taken in account before selecting an effect size 

(Borestein et al., 2009). 

1. The effect sizes from different studies should measure the same thing and shouldn't 

depend on aspects of the study design that may vary from study to study, such as sample 

size. 

2. It shouldn't require the re-analysis of the raw data, it just used the information that is 

likely reported in published research reports. 

3. Good technical properties, for instance its sampling distribution should be known so that 

variances and confidence intervals can be computed. 

4. The effect size should be inherently meaningful, it is usually possible to transform the 

effect size to another metric for presentation. For example, the analyses may be 

performed using log (risk), but then transformed to a risk ratio for computations. 

In practice, the kind of data used in the primary studies will usually lead to a pool of two 

or three effect sizes that meet the criteria outlined above, which makes the process of 

selecting an effect size relatively straightforward. 

In the following sections we are going to explain several types of effects sizes in more 

details according to different types of data. 
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2.4 Effect Measures for Continuous Data. 

The term continuous in statistics refers to data that can take any value in a specified 

range. Summary statistics commonly used for meta-analysis for continuous data are 

(Borenstein et al., 2009; Higgins and Green, 2008): 

1. The mean difference. 

2. Standardized mean difference. 

3. Response ratio. 

4. Correlations. 

2.4.1 The Mean differences 

(i) Mean difference in the case of using same scale (D) 

When the outcome is reported in meaningful scale and all studies in the analysis use 

the same scale, the meta-analysis can be performed directly on the raw difference of means 

which is a standard statistic that measures the absolute differences between the mean values 

in two groups in a clinical trial. 

Consider a study that reports means for two groups (treated and controlled) and 

suppose we wish to compare the means of these two groups. Let 1  and 2  be the true 

(population) means of the two groups. The population mean difference is defined as 

 .1 2     (2.1) 

We will estimate the mean difference D from a study that used two independent 

groups as follows.  

 

Let 1X  and 2X  be the sample means of the two independent groups. The sample 

estimate of D is just the difference in sample means, as follows 

 1 2.D X X   (2.2) 
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Let 1s  and 2s  be the sample standard deviations of the two groups, and 1n and 2n  be 

the sample sizes in the two groups. If we assume that the two population standard deviations 

are the same, so that 1 = 2  =  , then the variance of D is 

 
21 2

1 2

,var( ) pooledsn nD
n n
  (2.3) 

where  

 
2 2
1 21 2

1 2

( 1) ( 1)
2

.pooled
n s n ss

n n
  


 

 (2.4) 

If we don't assume that the two population standard deviations are the same, then the 

variance of D is 

 
2 2
1 2

1 2

var( ) .s sD
n n

   (2.5) 

In either case, the standard error of D is then the square root of var(D), 

 . .( ) var( ) .s e D D  (2.6) 

(ii) Mean Difference in case of different scales (d and g) 

In any event, the raw mean differences are an option only if all the studies in the 

meta-analysis use the same scale. If different studies use different instruments to assess the 

outcome, then the scale of measurements would not be meaningful to combine raw mean 

differences. In such cases, we can divide the mean difference in each study by that study's 

standard deviation to create an index, the standard mean difference (SMD), that would be 

comparable across studies (Borenstein et al, 2009; Hedges, and Olkin 1985). 

Consider a study that uses two independent groups, and suppose we wish to compare 

the means of these two groups. Let 1  and 1  be the true population mean and standard 

deviation of the first group and let 2  and 2  be the true population mean and standard 

deviation of the other group. If the two population standard deviations are the same (as is 
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assumed in most parametric data analysis techniques), so that 1 = 2  =  , then the 

standardized mean difference parameter or population standardized mean difference is 

defined as 

 1 2 . 

  (2.7) 

The common assumption that 1 = 2  is assumed, which allows us to pool the 

estimates of the standard deviation, and do not address the case where these are assumed to 

differ from each other. 

 

We can estimate the standardized mean difference  ߜ from studies that used two 

independent groups as 

 
1 2 ,
pooled

X Xd s
  (2.8) 

where 1X  and 2X  are the sample means in the two groups, pooleds is the within-groups 

standard deviation, pooled across groups, and it is given by: 

 
2 2
1 21 2

1 2

( 1) ( 1) ,2pooled
n s n ss n n
  


 

 (2.9) 

where 1n and 2n  are the sample sizes in the two groups, and 1s  and 2s  are the standard 

deviations in the two groups. The reason that we pool the two sample estimates of the 

standard deviation is that even if we assume that the underlying population standard 

deviations are the same ( 1 = 2  =  ), it is unlikely that the sample estimates 1s  and 2s  

will be identical. By pooling the two estimates of the standard deviation, we obtain a more 

accurate estimate of their common value. The sample estimate of the standardized mean 

difference is often called (Cohens d ) in research synthesis. We will use the symbol δ to 

denote the effect size parameter and d  for the sample estimate of that parameter. 

The variance of d is given by 
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2

1 2

1 2 1 2
var( ) 2( ) .n n dd n n n n

 
  (2.10) 

The standard error of d is the square root of var(d), 

 .. .( ) var( )s e d d  (2.11) 

It turns out that d has a slight bias, this bias can be removed by a simple correction that yields 

an unbiased estimate of δ, with the unbiased estimate sometimes called (Hedges g). To 

convert from d to (Hedges g).  

 
31 4 1g df    (2.12) 

where g is the correction factor (Hedges g), and df  is the degrees of freedom used to estimate 

withins , which for two independent groups is 1 2 2n n  .  

The correction factor (J) is always less than 1.0, and so g will always be less than d in 

absolute value. The variance and the standard error of g are given by 

 2var( ) var( )g J d   (2.13) 

 

 . .( ) var( )s e g g  (2.14) 

The variance of g will always be less than the variance of d. However, J will be very close to 

1.0 unless df is very small (say, less than 1.0) and so (as in this example) the difference is 

usually trivial (Borenstein, et al, 2009). 

2.4.2 Effect Size Based on Response Ratios 

When the outcome is measured on a physical scale (such as length, area, or mass) and 

is unlikely to be zero, the ratio of the means in the two groups might serve as the effect size 

index, namely response ratio. The response ratio is not meaningful most social science 

studies that measure outcomes such as test scores, attitude measures, or judgements, since 

these have no natural scale units and no natural zero points (Borenstein, et al, 2009). 
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For computations we need to carry out the response ratio in a ln scale. We compute 

the ln response ratio and the standard error of the ln response ratio and use these numbers to 

perform all steps in the meta-analysis. At the end of process convert the results back into the 

original metric. 

The response ratio is computed as 

 
1

2

,X
R

X
  (2.15) 

where 1X  and 2X  are the mean of group 1 and group 2, respectively. The ln response ratio 

is computed as 

 
1

1 2
2

| | | |(| |) (| ) (| ).XlnR ln R ln ln X ln X
X

 
  
 

     (2.16) 

The variance of the ln response ratio is approximately 

 
2

2 2
1 21 2

1 1var( ) S ,
( ) ( )

pooledlnR
n X n X

 
  
 
 

 
 

(2.17) 

where pooleds  , is the pooled standard deviation. The approximate standard error is 

 . .( ) var( )s e lnR lnR  (2.18) 

We then convert each of these values back to response ratios using 

exp( )R lnR  

2.4.3 Correlations 

The correlation parameter is denoted by ρ and it is estimated by the sample 

correlation coefficient, r. The correlation coefficient r is formally called (the Pearson product 

moment correlation coefficient), it expresses the strength and direction of an association 

between two continuous variables and it is computed using the following equation 
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x y

( )( ) ,
( 1)s s

x yi i Z Zx x y yr
n n

   
  

where ix  and iy  are the scores of individual i on the two variables X and Y, respectively, x  

and y  are the sample means of the two variables, n is the sample size, xs  and ys  are the 

sample standard deviations of the two variables X and Y , respectively.  

xZ  and yZ are the standardized scores. r ranges from -1.0 to 1.0 and can be used as an effect 

size metric. 

For purposes of meta-analysis, r is often converted to Fishers rZ transformation, 

which has better statistical properties (Borenstein et al, 2009). 

For studies that report a correlation between two continuous variables, the correlation 

coefficient itself can serve as the effect size index. The variance of r is approximately 

obtained by 

2 2(1 )var( )
1

.rr
n





 

Most meta-analysts do not perform syntheses on the correlation coefficient itself 

because the variance strongly depends on the correlation. So, the correlation is converted to 

the Fishers z scale, and all analyses are performed using the transformed values. The results 

would then be converted back to correlations for presentation. The transformation from 

sample correlation r to Fishers z is given by: 

10.5 ln
1

.rz
r

 
 
 

 
  

The variance of z is given by 

1var( )
3

,z
n
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and the standard error is obtained as 

1. ( )
3

.s e z
n




 

Fishers z score and its variance are used in the analysis, which yield a summary effect and 
confidence limits in the Fishers z metric (Borenstein et al, 2009; Torgerson, 2003).  

 

We then convert each of these values back to correlation units using 

12 ln ,
1

rz
r

    
 

and 

2 1 ,
1

z re
r

    
  

and 

2 2 1 ,z ze e r r      

and 

2

2

1.
1

z

z

er
e





 

2.5 Effect Sizes Based on Binary Data 

For data from a probable study, such as a randomized trial that was originally 

reported as the number of events and non-events in two groups researchers compute a risk 

ratio, an odds ratio, or a risk difference. In that case we can select them as an effect size. This 

data can be represented as cells A, B, C, and D, as shown in Table (2.1) (Borenstein, et al., 

2009) 

Table ( 2.1): Nomenclature for 2 2  table of outcome by treatment 

Group Events Non-Events N 
Treated A B 1n  

Control C D 2n  
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2.5.1 Odds Ratio (OR) 

The odds ratio (OR) is the ratio of two odds, it refers to the chance that something 

will happen compared to the chance that it will not. Computations are carried out on a ln 

scale, we compute the ln odds ratio, and the standard error of the ln odds ratio, and will use 

these numbers to perform all steps in the meta-analysis. The computational formula for the 

odds ratio is given by 

.ADOR
BC

  

The ln odds ratio is then obtained as: 

 

( ) ( ) ( ) ( ) (C),ln OR ln A ln D ln B ln     

 

with approximated variance: 

1 1 1 1var( ) ,lnOR
A B C D

     

and approximated standard error: 

. .( ) var( ).s e lnOR OR  

Then each of these values are converted back to odds ratios using 

exp( ),OR lnOR  

and 

lnA lnD ln ln ,B COR e e e e    

and                                      . . . ,OR A D B C    
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and                                        . . . .O R A D B C  

2.5.2 Risk Ratio (RR) 

The risk ratio is simply the ratio of two risks. For risk ratios, computations are carried 

out on a ln scale, and given by 

1

2

/
/

.A nRR C n  

The ln risk ratio is then ( )ln RR  with approximate variance and approximate standard error  

1 2

1 1 1 1var( ) ,lnRR
A n C n

     

and 

                             . .( ) var( ) ,s e lnRR lnRR  

, respectively.  

Note that we do not compute a variance for the risk ratio in its original metric. Rather, we use 

the ( )ln RR  and its variance in the analysis to yield a summary effect, confidence limits, and 

so on, in ln units. We then convert each of these values back to risk ratios using 

exp( ).RR lnRR  

2.5.3 Risk Difference (RD) 

The risk difference is the difference between two risks. Unlike the case for risk ratios and for 

odds ratios, computations for risk differences are carried out in raw units rather than ln units. 

The risk difference is defined as 

1 2

,A CRD
n n

   

with approximate variance 
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3 3
1 2

( ) ,AB CDvar RD
n n

   

and approximate standard error 

. .( ) var( ) .s e RD RD  

2.5.4 The Number Needed to Treat 

The number of people who must be treated in order to obtain one more case with a 

positive outcome, which is denoted by (NNT). 

 The NNT is the inverse of the RD (1/RD), so the smaller the RD, the larger the NNT 

(Littell, et al. 2008). 

2.6 Effect Measures for Time-to-Event Data 

Time-to-event data, which is known as the survival data in statistics or life time data, appears 

when the interest is focused on the time elapsing before an event is experienced.  

Death is often the event of interest, particularly in cancer and heart disease, but it 

might be based on other than death such as recurrence of a disease event as the time to the 

end of a period free of epileptic fit, or discharge from hospital.  

Time-to-event data consist of pairs of observations for each individual: 

(i) a length of time during which no event was observe 

(ii) an indicator of whether the end of that time period corresponds to an event or just the 

end of observation, which is classified as observed or censored. 

The most appropriate way of summarizing time-to-event data is to use methods of 

survival analysis and express the intervention effect as a hazard ratio. 

Hazard ratio (HR) is the ratio of the hazards in the treatment and control groups (when 

time to the outcome of interest is known). Where the hazard is the probability of having the 

outcome at time t , given that the outcome has not occurred up to time t, 

0

( | )( ) lim
t

P t T t t T th t
t 
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Sometimes, the hazard ratio is referred to as the relative risk. For an adverse outcome, a 

hazard ratio less than unity indicates that the treatment reduces the risk (Higgins and Green 

2008; Glasziou et al, 2003). 

2.7 Effects Sizes Based on Ordinal Data 

In categorical data, when the categories have a natural order and each participant is 

classified in a category then the ordinal outcome data appears, such as the classification of 

disease severity into mild, moderate or severe. Furthermore, ordinal outcome is frequently 

used to measure conditions that are difficult to quantify, such as behavior, depression and 

cognitive abilities.  

The increase of the number of categories, then the ordinal outcomes tends to have 

similar properties to continuous outcomes, and it will be acceptable to be analyzed as such in 

a clinical trial.  

2.8 Effects Sizes Based on Counts and Rates. 

Count data refers to the number of times an event occur. For example, an event can 

happen to a person more than once such as myocardial infarction, fracture, an adverse 

reaction or a hospitalization, it will be preferable, or necessary, to address the number of 

times these events rather than simply treating is as dichotomous data (Higgins and Green 

,2008). 

With respect to the frequency, count data is divided into two main groups as follows: 

i) Counts of rare events: It referred to as Poisson data in statistics. The analyses of rare 

events often focus on rates which are related to the counts of the amount of time during 

which they could have happened. The summary statistic usually used in meta-analysis is the 

rate ratio (also abbreviated to RR), which compares the rate of events in the two groups by 

dividing one by the other. Difference in rates can be used as a summary statistic but it is less 

common.  

ii) Counts of more common events: Such as counts of decayed, missing or filled teeth, may 

often be treated in the same way as continuous outcome data. The intervention effect used 

will be the mean difference which will compare the difference in the mean number of events 
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(possibly standardized to a unit time period) experienced by participants in the intervention 

group compared with participants in the control group. 

2.9 Summary 

The effect size is the quantity of interest in meta-analysis. It can be odds ratio, risk 

ratio, risk differences, …etc. The way in which the effect of the intervention can be measured 

depends on the natural of the data being collected. The outcome data can be classified into 

five types: continuous data, binary data, ordinal and measured data, counts and rates of event 

data, and the event survival data. 

The following chapter reviews the most popular meta-regression models to pave the 

way for discussing the problem of outliers in Chapter 4.  
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CHAPTER 3 

META-REGRESSION MODELS 

3.1 Introduction 

Most meta-analyses are based on one of two statistical models, the fixed- effect model 

or the random-effect model. 

Let iY ,..., nY  denote the observed effect size (i.e. mean differences, raw correlation, log 

odds, risk ratio) estimates in a set of n independent studies. We will assume that 

 ,i i iy e     1,...,i n  (3.1) 

where i  is the true effect in the ith study, ie  is the error within the studies and 

 iy  is the observed effect size in the ith study. 

The following sections in this chapter introduce the Fixed, Random, and Mixed 

effects models of Meta-analysis. 

3.2 Fixed Effect Model 

In model (3.1), If i  = , then the true effect is homogeneous, which leads to the 

fixed effect model, where ie  ~  N(0, 2
i ), ie  is the error within the studies, 2

i  (the 

sampling variances) are assumed to be known, iy  ~ N( , 2
i ) which is unbiased of i  the 

true effect in the ith study, iy  is the observed effect size in the ith study (Borenstein et al., 

2009). 

To estimate the population effect with the minimum variance, we compute a weighted 

mean, where the weight assigned to each study is the inverse of that study’s variance. The 

weight assigned to each study in a fixed effect meta-analysis is 

2 ,
1

i
i

W


  

where 2
i  is the within-study variance for the ith study.  
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The weighted mean (M) is then computed as 

1

1

.
k

i ii
k

ii

WY
M

W







 

That is, the sum of the products i iWY  (effect size multiplied by weight) divided by the sum 

of the weights. The variance of the summary effect is estimated as the reciprocal of the sum 

of the weights, or 

2

1

1var( ) ,M k
ii

M
W




 
  

and the estimated standard error of the summary effect is then the square root of the variance, 

2. .( ) .Ms e M   

Then, 95% lower and upper limits for the summary effect are estimated as 

,1.96 . .( )MLL M s e M    

and 

,1.96 . .( )MUL M s e M    

respectively. 

3.3 Random Effect Model. 

In model (3.1), if i  ≠  , then the true effect is heterogeneous, which leads to the random 

effects model. We will assume that i iu    , where iu  is the error between studies and 

  is the average true effect, where 2~ (0, )iu N   and 2 2~ ( , )i iy N    , where 2  is 

the amount of heterogeneity between the studies, 2
i  (the sampling variances) are assumed 

to be known, iy  is the observed effect size in the ith study. 
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One can notice that the random effects model allows for within study variation and 

between study variation, if 2  = 0, implies homogeneity among the true effects, so that 

   . 

To compute a study’s variance under the random-effects model, we need to know 

both the within-study variance and 2 , since the study’s total variance is the sum of these 

two values. 

3.3.1 Estimating Tau-Squared 

The parameter 2  is the between-studies variance. In other words, if we somehow 

knew the true effect size for each study and computed the variance of these effect sizes 

(across an infinite number of studies), this variance would be 2 . 

3.3.2 Estimating the Mean Effect Size 

In the fixed-effect and random-effect analysis each study was weighted by the inverse 

of its variance. The difference is that the variance now includes the original (within studies) 

variance plus the estimate of the between-studies variance, 
2

 . Under the random-effects 

model the weight assigned to each study is 

2

*
2

1
,

i i

i
y

W
V 


  

where 
iyV  is the within-study variance for ith study and 2  is the between-studies variance. 

The weighted mean, *M , is then computed as 

*

* 1

*

1

,
k

i ii

k

i i

W Y
M

W






  

that is, the sum of the products (effect size multiplied by weight) divided by the sum of the 

weights.  



  27 
 

The variance of the summary effect is estimated as the reciprocal of the sum of the weights is 

given by 

*

*
1

1
var( ) ,k

ii

M
W




  

and the estimated standard error of the summary effect is then the square root of the variance, 

* *. .( ) var( ) .s e M M  

3.4 Mixed Effect Model 

In case when the variables moderating the size of the effect are known, then we can model 

the relationship between the effect sizes and moderators as given below 

 0 1 1 ... ,i i p ip iX X u         
 

(3.2) 

where ijX  is the value of the jth moderator variable for the ith study, 0B  is the expected 

effect size when ijX  = 0 for j = 1, …, p and jB  is how the jth moderator influences the 

size of the true effect for a one-unit increase in ijX , assuming that 2~ (0, )iu N  . 

Since the true effect sizes are now considered to be a function of both fixed and 

random effects, model (3.2) is typically called the mixed-effects model. Note that the mixed-

effects model simplifies to the random-effects model when 1 ... 0p    . 

3.4.1 Least Weighted Method for Mixed Models 

Suppose the mixed effect model is given as follows 

0 1 ,i i iY X      
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where i i iu e   and to estimate models parameters 0  and 1 , and since the variances of 

the error terms are unequal we will use the weighted least square method to minimize the 

variance as much as possible (Kutner, et al, 2004). 

The squares of errors are given by 

2 2
0 1 ) ,(i i iXY      

Then the sum of the squares of errors is given as 

2 2
0 1

1 1
( ) .

n n

i i i
i i

Y X  
 

     

Thus, 

2 2
0 11 1

1 1

( )
,

var( ) var( )

n n
i i ii i

n n
i i

Y X
y y
  

 
 

 
 

 

and 

2 2
0 1

1 1
.( )

n n
ii i i i

i i
W W Y X  

 
     

In order to obtain the least square estimates, then the partial derivatives with respect to 

parameters 0   and 1  are equating by zero as follows 

2
1

0 1
10

2 ( ) 0,
n niii

i i i
i

W
W Y X


 






    


   

and 

2
1

0 1
11

2 ( ) 0,
n niii

i i i i
i

W
W X Y X


 






    


   

so, the weighted least squares equations are given as follows 
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0 1

1 1 1
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n n n

i i i i i
i i i
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and 

  2
0 1

1 1 1
.

n n n

i i i i i i i
i i i

W X Y W X W X 
  

     

and the weighted least square estimators are given by 




1 1

1

1
0

n n
i i i ii i

n
ii

W Y W X

W


  




 


 

and  

 1 1 1 1
1 2 2

1 1 1

)( ( )( )
.

( )( ) ( )

n n n n
i i i i i i i ii i i i

n n n
i i i i ii i i

W W X Y W X W Y
W W X W X

    

  





   

  
 

The weighted least squares and maximum likelihood estimators of the regression 

coefficient are unbiased, consistent and have minimum variance among unbiased linear 

estimators (Kutner, et al., 2004). 

3.5 How to Choose Our Model? 

To know which model to use we have to go through the term heterogeneity. When we speak 

about the heterogeneity in effect sizes, we mean the variation in the true effect size. There are 

many tests for heterogeneity, and the most popular tests of them are: 

1. Q Test 

2. 2I  Test 

3.5.1 Q Test 

Under the null hypothesis that all effect sizes are homogeneous the Q statistic follows a chi-

squared distribution with k-1 degree of freedom. To perform Q test we follow the following 

steps: 
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Step 1: Compute observed variation 

2

1
( ) ,

k

i i
i

Q W Y M


   

where 
1 ,i
yV

W  iY  is the study effect size, and M is the summary effect. 

Step 2: Estimate expected variation if the true effect was actually the same in all   studies. 

Expected variation = number of studies (k) – 1. 

Step 3: The excess variation ( )Q df  reflects the excess variation, the part that will be 

attributed to differences in the true effects from study to study. Then 

1. If (Q - df) ≤ 0, no variation between study (no heterogeneity) 

2. If (Q - df) > 0, there is variation between study. 

we can compute the estimated variance of the observed effect size, 
2

 using the method 

proposed by (Der Simonian and Laird ,1986). 

2 , ,

0 , ,

Q df
C

for Q df

forQ df
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Then the estimated variance of the observed effect size is given 
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3.5.2 2I  Test 

It obtains the percentage of variation across studies that is due to heterogeneity and 

not due to chance, and it is given by (Higgins and Thompson, 2002; Higgins, et al, 2003) 

2 ( ) 100%Q df
Q

I 
   

Q is the chi-squared statistic, and df is the degree of freedom, 2I  index range from 0 to 100 

as follows: 

1. 0 % to 40 % represent minimal heterogeneity. 

2. 30 % to 60 % may represent moderate heterogeneity*. 

3. 50 % to 90 % may represent substantial heterogeneity*. 

4. 75 % to 100 % considerable heterogeneity*. 

*The importance of the observed value of 2I  depends on the following factors: 

1. Magnitude and direction of effects. 

2. Strength of evidence for heterogeneity. (e.g. P-value from chi-squared test, or a CI for 
2I ) 

3.6 Summary 

Most meta-analysis models are based on one of two based models, fixed effect model, 

and random effect model. 

The selection of model can be done based on various statistics as reviewed in this 

chapter. It is common to have some unexpected values in meta-regression models the 

following chapter reviews the available methods. 
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CHAPTER 4 

OUTLIERS AND INFLUENCE DIAGNOSTICS 

4.1 Introduction 

It is common in statistical analysis to have unexpected values, which may known as 

outliers. There are various definition of outliers, Hawkins (1980) defines outlier as an 

observation that deviates so much from other observations as to arouse suspicion that it was 

generated by a different mechanism.  

Barnett and Lewis (1994) indicate that an outlying observation, or outlier, is one that 

appears to deviate markedly from other members of the sample in which it occurs, Similarly, 

Johnson and Wichern (1992) defines an outlier as an observation in a data set which appears 

to be inconsistent with the remainder of that set of data. 

Routine data sets may contain about 1-10% (or more) outliers (Hampel et al, 1986). 

Unfortunately, outliers often go unnoticed (Rousseeu and Leroy 1987), although they may 

have serious effects in estimation, inference and model selection (Weisberg, 1985).  

This chapter reviews the application and common methods used to detect outliers in 

regression and meta-regression. 

4.2 Applications of Outlier Detection 

Outlier detection methods have been suggested for numerous applications as follows 

(Aggarwal, 2016): 

(1) Intrusion Detection Systems: Unusual behavior because of malicious activity may be 

recognized in different kinds of data are collected about the operating system calls, network 

traffic, or other activity in the system in many networked computer systems. 

(2) Credit Card Fraud: Unauthorized use may show different patterns, such as a buying 

item from not well known geographically locations by credit card.  Because of the ease with 

which sensitive information such as a credit card number may be compromised. Such 

patterns can be used to detect outliers in credit card transaction data. 

(3)  Interesting Sensor Events: Sensors are often used to track various environmental and 

location parameters in many real applications.  
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The sudden changes in the underlying patterns may represent events of interest. Event 

detection is one of the primary motivating applications in the field of sensor networks. 

(4) Medical Diagnosis: Unusual patterns in many medical data collected from a variety of 

devices such as magnetic resonance imaging (MRI) scans, positronemission tomography 

(PET) scans or electrocardiogram (ECG) time-series may typically reflect disease conditions. 

(5) Law Enforcement: Outlier detection finds numerous applications to law enforcement, 

especially in cases, where unusual patterns can only be discovered over time through multiple 

actions of an entity. Determining fraud in financial transactions, trading activity, or insurance 

claims typically requires the determination of unusual patterns in the data generated by the 

actions of the criminal entity. 

(6) Earth Science: Anomalies of spatiotemporal data about weather patterns, climate 

changes, or land cover patterns may provide significant insights about hidden human or 

environmental trends 

Besides what have been mentioned above, it is common to find unusual observations 

or patterns all aspects of data collection. Therefore, such values or patterns needs to be 

detected. 

4.3 Outliers and Influential Points Detection in Multiple Linear regression 

There are various methods of outlier detection. Some of them are graphical, and 

others are numerical tests. 

The multiple linear regression model is summarized by 

Y   X , 

Since the least square estimation of   given by ˆ Y  -1(X'X) X' .  In order to identify 

an isolated outlier in the linear regression using deleting row method, we consider the hat 

matrix,  -1V X(X'X) X'  where V  is asymmetric and idempotent matrix (the matrix M is 

idempotent if and only if  MM = M). V  contains the information about the influence of the 

response vector iY  on the corresponding fitted value 'ˆ
iY V Y , where '

iV  is the ith row of 

matrix V .  There are several methods used to identify possible outliers and influential points 

in linear regression described below:    
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i) DFFITS:  

It was proposed by Belsely, et al.  (1980) to show how influential a point is in statistical 

regression. It is the change in the predicted value of a point obtained when that point is left 

out of the regression. The studentization is achieved by dividing the difference between fitted 

values by the estimated standard deviation of the fit at that point. 

 
( )

( )

,i i i

iii

y y
DFFITS

s h


  

where iy  and  ( )i iy are the predication for point i with and with-out point (i) included in the 

regression, ( )is  is the standard error estimated without the point in question, and iih  is the 

leverage for the point. 

ii) DFBETAi:  

It measures the differences in each parameter estimate with and without the influential point. 

There is a DFBETA for each point and each observation, if there are n points and k variables 

there are (nk) DFBETAS. 
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( )
(X )

1

T T
i i

i
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i
X X e

h
b bDFBET A



 


 , 

where ( )ib   denotes the coefficients estimated with the ith raw iX  or X  deleted, and 

1( )T T
i i ih X X X X denotes the ith raw of H matrix. 

iii) Cook's distance:    

Cook (1977) suggested the measure of the critical nature of each data point to be  
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A large value of iD  indicates that the associated observation has a strong influence on the 

estimate of parameter vector β̂   . 
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iv) Leverage values: They are used for identifying outlying X conservations. 

v) Studentized Deleted Residual: They are used for identifying outlying Y observations. 

However, with multiple outliers those diagnostically tests will not work properly, due to 

masking (an outlier is undetected) and swamping (an non outlier is classified as an outlier) 

effects (She and Owen, 2010; Serfling and Wang, 2012). 

4.4 Identifying Outliers in Meta-Analysis 

As any type of analysis, meta-analyses models are affected with the existence of 

outliers. Graphical methods for detecting outliers may face some difficulties, especially when 

dealing with models involving one or more moderators. In addition, the studies included in a 

meta-analysis are typically of varying sizes which is complicating the issues, due to the differ 

of the sampling variances of the iy  values. 

A more formal approach for identifying outliers in meta-regression is using the 

studentized residual, based on an examination of the residuals in relation to their 

corresponding standard errors (Viechtbauer and Cheung, 2010). This approach may be 

divided into two sub-approaches as presented in the following subsections. 

4.4.1 Internally Studentized Residual 

One residual to consider is the (internally) studentized residual, given by: 



2. .( ) (1 )( )
ii i

i
i

i i

e yt s e e h v





 
 

, 

where 
ii ie y    is the raw residual, iy  and  i  are the observed and the predicted 

(average) effect size for the ith study, and . .( )is e e  is the sampling standard deviation of the 

raw residual, where iv  is the sampling variances of iy  which assumed to be known, 
2

  is 

the predicted amount of heterogeneity between studies , and ih  is the leverage of the ith 

study.  

For the random-effects model, i  is simply equal to   for all n studies. 
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In the cases of outlier’s existence, i.e. iy  deviates strongly from the assumed model 

then it may have a large influence on i  because iy  is involved in the calculation of  i . In 

fact, if the ith study is indeed an outlier, then i  will be pulled toward the iy  value, making 

it more difficult to identify the outlying study. 

In addition, the presence of an outlier will lead to an inflated estimate of 2 , which in 

turn results in an overestimation of the sampling variance of the residual (and hence, a 

studentized residual that is too small), making it again more difficult to detect the outlier, to 

solve this problem we will introduce the studentized deleted residual in the next section. 

4.4.2 Externally Studentized Residuals 

The externally studentized (or the studentized deleted) residuals, is given by 
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 (4.1) 

where  ( )i i  is the predicted average true effect size for the ith study based on the model that 

actually excludes the ith study during the model fitting. ( ) ( )ii i i ie y    is the so called 

deleted residual for the ith case, iy and ( )i i  are uncorrelated, where 
2
( )i   denotes the 

estimated amount of (residual) heterogeneity and 
( )var[ ]i i  the estimated amount of 

variability in  ( )i i   from the model that excludes the ith study.  

For the random-effects model,  ( )i i   should be replaced with ( )i  . 

The formula of the studentized deleted residual given by (4.1) reveals   that there are 

three sources of variability that contribute to the difference between the observed effect size 

iy  and the predicted average true effect when the ith study actually fits the assumed model, 

namely  

i- Sampling variability,  

ii- (Residual) Heterogeneity among the true effects,  

iii- Imprecision in the predicted average effect. 
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If the studies actually follow the assumed model, then the studentized deleted 

residuals from the set of studies approximately follow a standard normal distribution. On the 

other hand, a study that does not fit the assumed model will tend to yield an observed effect 

that deviates more strongly from  ( )i i   (or ( )i  ) than would be expected based on these 

three sources of variability. Hence, its studentized deleted residual will tend to be large 

(Viechtbauer and Cheung, 2010). 

Based in the previous discussion, a proper outlier test under a mean shift outlier 

model is formalized as follows: 

Assume that the true model is given by 

1 0 1 1| ,..., ] ...[ i ip p ipi iX X x XE        , 

and assume there is only one study, denoted by j , whose model is given by 

1 0 1 1| ,..., ] ...[ jjj p pj pj X X x XE          , 

where δ denotes a fixed amount by which the expected value of i  is shifted away from the 

true model. 

A test of the null hypothesis, 0 : 0H    can be easily obtained by adding a dummy 

variable that equals to 1 for ji   and 0 otherwise. 

The parameter estimate corresponding to the dummy variable is then equal to 

 
( )j jjy    , which is the deleted residual for study j , with standard error equal to  

  2
( ) ( )( ) var. . j j jjvs e      

   , 

Therefore, the studentized deleted residual, corresponds to the test statistic for the test 

0 : 0H   ,  

Thus, studies with absolute studentized deleted residuals larger than 1.96 is suspected 

outlier (Viechtbauer and Cheung, 2010). 
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The studentized method may be a simple method, however when there are multiple 

outliers, it may fail. In the next chapter, a new outlier detection procedure will be displayed 

from viewpoint of penalized regression. 

4.5 Identifying influential cases in a meta-analysis 

Not all outliers have consequences on the parameters estimates and on results of 

statistical analysis in general. If the exclusion of point (study) from the analysis leads to 

considerable changes in the fitted model, then the study may consider to be influential. 

Belsely et al (1980) proposed a deletion one row approach to detect possible influential 

points based some of the statistical measure of the fitted linear regression mode, by 

comparing the value of statistical measure for full data and compare it with the statistical 

measure after the deletion on one point at time. 

Viechtbauer and Cheung (2010) extended and adopted the deletion diagnostics known 

from linear regression to the context of meta-analysis to identify possible influential studies. 

i) DFFITS: It is based on the difference in fit statistics, where it measures the difference 

between the predicted mean effect for the ith study with and without ith study included 

in the model, vis the following statistic 

 


( )
2
( )( )

i i i
i

ii i

DFFITS
h v

 











, 

DFFITS measures the influence on the results of the meta-analysis by calculating the change 

in standard deviations for the mean effect after the ith study is excluded. 

ii) Cook’s distance: It considers the change in the fitted values when the ith study is 

excluded, this measure is known as Cook’s distance and is given by 

 


( )
2

i i i

i
i v

D  





 . 

when iD  is larger than the Chi-squared value of 2
1;1p    , then ith study is a suspected 

outlier and should be further examined, where p is the number of betas included in a mixed 

effects model. 
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iD  can be interpreted as the Mahalanobis distance between the two sets of predicted 

values when the ith study is included and excluded, respectively. 

iii) iDFBT AS : 

The change in the parameter estimates can also be measured as each study is deleted in turn. 

Difference in coefficients betas (DFBETAS) is calculated using  

   ( ))( k
l ii li wDFBT AS    

  , 

where  2
( ) 11/ ( )l i iw v    . For small to medium data sets, a value of iDFBT AS  larger 

than 1 could indicate an influential point.  

iv) COVRATIO: A change in the variance-covariance matrix of the overall effect size 

estimates can be measured using COVRATIO as follows 




var[ ]
var[ ]

i
iCOVRATIO 


 , 

where  
1

var[ ] 1/ k
ii w


  . Removing the ith study will yield a more precise effect size 

estimate when iCOVRATIO  is less than 1.  

v) Ri: The change in the estimate of the heterogeneity can be measured with the exclusion 

of each study, iR  is calculated as a percent change:  

  2 2 2
100 ( )iiR      , 

If a study is influential then its removal will cause a decrease in the estimated heterogeneity. 

4.6 Summary 

An outlier is an observation that deviates so much from other observations as to be 

suspected that it was generated from different model or distribution or by a different 

mechanism. As any type of statistical data, meta-analysis models are affected with the 
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existence of outliers. Internally and externally studentized residuals may be used to detect 

outliers.  

Furthermore, a set of procedures used to detect influential points in linear regression 

are adopted to the meta-regression. The following chapter proposes an alternative method to 

detect outliers in meta-analysis based on the penalized maximum likelihood. 
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CHAPTER 5 

ALTERNATIVE METHOD FOR OUTLIERS  

DETECTION IN META-REGRESSION 

5.1 Introduction 

This chapter proposes a new procedure for detecting suspicious outliers in meta-

regression; based on the penalized maximum likelihood method with smoothly clipped 

absolute deviation (SCAD) penalty function. Parameter estimates are obtained by applying 

coordinate descent algorithm, and the cross-validation criterion is used to determine the 

tuning parameter which controls the tradeoff between the likelihood and the penalty. 

5.2 Penalized Maximum Likelihood Method 

This section sheds the light on the role of the penalized maximum likelihood, the 

formulation of method and selection of tuning parameter 

5.2.1 Reasons and Formulations of Penalized Maximum Likelihood 

Maximum likelihood estimation has many attractive properties but is often 

unsatisfactory in regression problems especially in the cases when the number of covariates, 

p  is large with respect to the sample size n  (p > n). Therefore, to overcome this problem it 

is logical to reduce the number of explanatory variables by looking for all possible subset of 

these explanatory variables.  

It is well known that the number of possible subset explanatory variables grows 

exponentially with p . Thus, problems such as: computational infeasibility and Instability are 

raised. 

An alternative different way of dealing with this problem is to introduce a penalty: 

instead of maximizing ( ) ln{ ( )}L x x , we maximize the function 

( ) ( ) ( )M P    x , 

where M  is the objective function,   is scalar controls the tradeoff between the two parts, 

and P  is a function that penalizes what one would consider less realistic values of the 

unknown parameters. 
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For further explanation, assume independent and identically distributed observations 

1,..., ny y  from an unknown probability density function ( )G y . Let 

1,..., }){ (; ): ( T
pf       be a model with a parameter vector  , where (; )f   is an 

open subset in p . Using a penalty term ( )P  , the Penalized Log-likelihood is given as 

 
1

( ) log ( ; ) ( ) ,
n

M f Y P


   


   

 

(5.1) 

 

and the Maximum Penalized Likelihood Estimator is given by 

 
1

arg max { log ( ; ) ( )}
n

f Y P 


  


   

 

(5.2) 

 

where   is a scalar tuning parameter controls the tradeoff between the likelihood and the 

penalty.  

The Panelized Maximum Likelihood Estimation (PMLE) is widely used for 

stabilization of the estimators as well as detecting outliers. The performance of (PMLE) 

depends strongly on the value of the tuning parameter  , thus, it is important to discuss the 

selection of the tuning parameter   (Ueki and Fueda, 2010).  
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5.2.2 Selection of Tuning Parameter 

One way of selecting the tuning parameter,   is the cross validation  

(CV), which uses the leave-one-out method as given below 

 ( )

1
( ) ; ,log ( )

n
CV f X





 




  

 

(5.3) 

 

where, 
( )



 is the PMLE with the observations 1 1 1( ,..., , ,..., )nx x x x    with 

  arg min ( )CV CV    (5.4) 

5.3 Detection of Outliers by PMLE 

This section advocates the use of penalized maximum likelihood method in the 

detection of outliers.  

She and Owen (2011), discussed the possibility of detecting possible outliers in 

regression models based on the mean shift model which predicts 

y by the usual linear model X  plus an outlier term i . In their model they assumed that if 

i =0 then the ith observation is consistent observation and not an outliers, otherwise it is an 

outlier. 

Zou, et al (2014) proposed a new outlier detection procedure from the view point of 

penalized regression, aiming at identifying any abnormal profile observations from a baseline 

dataset. Recently, proposed Zhang, et al (2015) a penalized likelihood method to detect the 

possible outliers in the exponential regression model.  

The following section adapting the penalized maximum likelihood to detect possible 

outliers in the meta-regression models. 
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5.4 Detection of Outliers in the Mixed-effect-model by Penalized Maximum 
Likelihood method 

This section applies the Penalized Maximum Likelihood method to detect outliers in 

the mixed effect model via the selection of variables technique. 

5.4.1 Model Formulation 

Assume 1( ,..., )T
nY Y Y  be the vector of observed effect, 1( ,..., )T

i niX X X  be the 

vector of moderates for 1,...,i p ,   be the unknown meta-regression parameters, 

1( ,..., )n    be the vector of errors (homogeneous and heterogeneous errors), 2  be the 

between trial variance vector, and ( 1)nγ  will incorporate into meta-regression to indicate 

whether the ith observation is an outlier (the non-zero components of γ  will correspond to 

the outliers). 

Obviously, we need to estimate   with ( 1)p   parameters,   with n parameters, and 

2 , so the dimension of the unknown parameter is 2n p   which is greater than the 

sample size n. Therefore, a possible treatment of this problem is by introducing a penalty, 

instead of maximizing 2( , , )l     , we maximize the function 

2 2 2( , , ) ( , , ) ( , , ).M l P            

For simplicity, we will work with the case of one noderator (i.e. 1p  ), so we have to 

estimate 3n   parameters. 

Consider the simple fixed model 

0 1Y X      

where   is unknown shifted parameter corporates to indicate whether the ith observation is 

an outlier. Since 2 2
0 1~ (( ), )iY N X       , then the likelihood function is given by 

 2 2
0 12 22 2 1/2

1

1 1( , , ) exp( ( ) ),
2( )2 ( )

n

i ii
L Y X     

   

   
  

 

(5.5) 
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and the log of likelihood function is given by 

 
2 2 2

0 1 0 12 2 .1( ( , , )) ln 2 ln( ) ( )
2 2 2( )i

i

n nl f Y X        
 

       


 

 

(5.6) 

 

Then the penalized log likelihood is given by 

 0 1 0 1 0 1( , , ) ( ( , , )) ( , , ).M l f P            (5.7) 

5.4.2 Penalized Estimation with SCAD Penalty Function 

In proposing SCAD its authors established that SCAD regression models have the so-

called oracle property, meaning that, in the asymptotic sense, it performs as well as if the 

analyst had known in advance which coefficients were zero and which were nonzero. 

However, the penalty function for SCAD is nonconvex, which introduces numerical 

challenges in fitting these models. 

A good penalty function should result in an estimator with three properties (Fan and Runze, 

2001). 

1. Unbiasedness: The resulting estimator is nearly unbiased when the true unknown 

parameter is large to avoid unnecessary modelling bias. 

2. Sparsity: The resulting estimator is a thresholding rule, which automatically sets 

small estimated coefficients to zero to reduce model complexity. 

3. Continuity: The resulting estimator is continuous in data z to avoid instability in 

model prediction. 

The smoothly clipped absolute deviation (SCAD) penalty satisfies those conditions, 

where the SCAD penalty is continuous and differentiable on ( ,0) (0, )  , but not 

differentiable at 0. Its derivative vanishes outside [ , ]a a  . For some 2, 0a   , where 

0  is the tuning parameter. 

 



  48 
 

Hence, the SCAD penalty can produce estimators with continuity, sparsity, and 

unbiasedness for the large coefficients. (Zhang et al., 2015) has fixed  3.7a  , and to 

emphasize the dependence of   on n, they denote   by n . 

The smoothly clipped absolute deviation (SCAD) penalty, is given by  

 2 2

2

, ,

2
( ) , ,

2( 1)
( 1) , ,

2

for

a
SCAD for a

a
a for a



   

   
   


 





    


 




 

where 3.7a  ,  0  , and 0   is the tuning parameter, and it satisfies that (0) 0SCAD  . 

The first derivatives are given by, (Huang and Xiet,2007) 

sgn( ) , ,

( )
( ) sgn( ) , ,

1
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Thus, using the SCAD penalty, the penalized log likelihood is given by 

(0)2 2

1
.( , , ) ( , , )

n

n

j j
j

M l n SCAD        


 
 
 

    

Note that maximizing M   is equivalent to minimizing 

(0)2 2

1
.( , , ) ( , , )
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M l n SCAD        


 
 
 

     

So 

 
,
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However, the minimizing procedure is nontrivial. We propose an iterative algorithm 

based on   and   to get estimators and meanwhile the coordinate descent algorithm is 

utilized to obtain the estimator of   for each iteration. In the next section we will introduce 

one of the most efficient algorithms in processing large-scale data, which is known by the 

coordinate descent algorithm is, due to its simple operation and fast convergence (Zhang et 

al., 2015). 

5.4.3 Coordinate Descent Algorithm 

This subsection describes the coordinate descent algorithm to fit the model penalized by 

SCAD penalty and discuss their convergence. The procedure of coordinate descent algorithm 

proceeds as follows: 

1. Set an initial estimate 
0

 , which is obtained by the exponential regression ignoring 

possible outliers. Set k = 1. 

2. Let  ( ) ( 1)
arg min ( , )

k k

nM  


 , where the coordinate descent algorithm is adopted 

to do the maximization. Specially, for 1,..., ,j n  

              ( ) (k 1) ( ) ( ) ( 1) ( 1)

1 1 1arg min ( , ( ,..., , , ,......, ) )
k k k k k T
j j j nn jM      

  

   and   ( ) ( )

1( ,..., )
k k k T

n    

3. Let  ( ) ( )
arg min ( , )

k k

nM    

4. Update k=k+1 and repeat Step 2 and 3 until the prespecified convergence criterion is 

met. 

Obviously, the iteration sequence  ( , )
k k

   satisfies that 

     ( ) ( ) ( 1) ( ) ( 1) ( 1)
( , ) ( , ) ( , )

k k k k k k

n n nM M M     
  

   

which implies the iterative algorithm is convergent. 

Once the convergence is satisfied, we get the estimates of  , and then we can judge 

the values of the coefficients for every point (study), whether they are outliers or not, (i.e if 

the ith coefficient in   is closed to 0 then the observation is not outlier, otherwise, it is a 

suspected outlier).  
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The estimation of model parameters including the estimation of tuning parameters as 

well as the implication of the coordinate descent algorithm has conducted by using R 

software, with partial use of ncvreg package (available at http://cran.r-project.org). 

The proposed procedure can be extended straightforward to other meta-regression model 

with another settings including model type and number of predictors.  

5.5 Summary 

The penalized maximum likelihood is an alternative estimation method to overcome the 

lack of sample size compared to the number of parameters or explanatory variables in the 

model. The PMLE was used in the selection of variables and then extended to detect possible 

outliers in few statistical models. The PMLE is adopted the meta-regression and the 

computations are obtained via a special subroutine written in R. 
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6 CHAPTER 6 
APPLICATION 

6.1 Introduction 

This chapter considers the data set on the effectiveness of writing to learn 

interventions on academic achievement which is analyses by (Bangert-Drowns, et al, 2004). 

The description of data including summery statistics and graphical presentations are 

given in Section 6.2, the modeling of data with appropriate meta-regression model is 

discussed in Section 6.3, and the discussion on the detection of outliers and influential points 

based on known and new alternative proposed method is presented in Section 6.4. 

6.2 Data Description 

  In this section presents the motivation to consider the problem of relationship 

between writing and academic achievement and the summary statistics of variables. 

6.2.1 Motivation and Context 

Form educators are researchers point of view there is an argued claim that the writing 

skills and education are integrated. Bangert-Drowns, et al, (2004) considered this argument 

and mention that there are two groups of educators and researchers, the first group promoted 

that writing is a vital skill for enhancing learning, and they are mentioned several reasons 

including that: writing is a form of learning, writing approximates human speech, and writing 

supports learning strategies (see Emig, 1977; and Martin, 1984).  

Alternatively, the other group of researchers have cautioned that the effectiveness of 

writing may be dependent on the contexts of learning and learning model (see Applebee, 

1984; Durst and Newell, 1989; Ackerman, 1993; and Greene and Ackerman, 1995).  

Thus, the research on writings effects on learning still ambiguous. Bangert-Drowns, 

et al, (2004) conducted a meta-analysis of 48 school-based writing-to-learn programs, the 

results of analysis revealed that writing can have a small, positive impact on conventional 

measures of academic achievement.  

This effects enhanced by two factors, namely, the use of metacognitive prompts and 

increased treatment length. On the other hand, these effects reduced by another two factors, 

namely, implementation in Grades 6 to 8 and longer writing assignments. 
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Recently, Viechtbauer and Cheung (2010) considered the analysis of 26 studies as a 

subset of the 48 studies analyzed by Bangert-Drowns, et al, (2004). To illustrate their 

procedures of detecting outliers in influential points.  

 The following subsection describes the data set and explores its main characteristics. 

6.2.2 Summary Statistics of Data 

The considered data is consisting of 26 studies as given in Appendix 1, there are 6 

variables including: 

1- Year:  of conduction the study, it is ranging between 1980 and 1998. 

2- College: It is a dummy variable presents whether the sample consisted of high-school 

or college students and coded as (college = 1 and high-school = 0).  

There are 17 (65.4%) of the studies were conducted in colleges and 9 (34.6%) of the 

studies were conducted in schools.  

3- Length: it is a scale variable represents the length of intervention in weeks. Length is 

ranging between 1 and 24 weeks, with mean length of 9.62 weeks and standard 

deviation of 6.88 weeks.  

4- Meta: It is a dummy variable presents whether the intervention incorporated prompts 

for metacognitive reflection, and it coded as (yes =1 and no =0).  

There are 19 (73.1%) of the studies were the intervention incorporated prompts for 

metacognitive reflection and 7 (26.9%) of the studies were the intervention did not 

incorporated prompts for metacognitive reflection. 

5- The effectiveness iy : It reflects the effect size of every study, where it was quantified 

in terms a continuous effect size of the standardized mean difference id . The effect 

size is obtained by: 

) /( , 1,...,26,T C
i i ii X X sd i   
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Where 
T
iX  and 

C
iX are the mean scores (i.e. grade, exam score) for the treatment and 

control groups on the academic achievement measure used in the ith study, and is  is the 

pooled standard deviation of the scores in the two groups.  

In order to prepare the effect size for the meta-analysis, Viechtbauer and Cheung 

(2010) defined the dependent variable y  as a function of sample size and standardized mean 

difference id , as 

( )i i iy c m d , 

where ( ) 13 (4 1)i ic m m  is a correction factor for the slight positive bias in the standardized 

mean difference, 2T C
i i im n n   , and ,T C

i in n are the sample sizes of the treatment and 

control groups, respectively. 

The summary statistics of the values of dependent variable ( y ) reveals that the effect 

sizes of the 26 studies are ranging between -0.32 and 1.46, with mean 0.30 value of and 

slandered deviation 0.39. 

Figure 6.1 shows a forest plot of the effect size iy  as presented by block boxes in at the 

center of 95% confidence intervals with limits represented by whiskers. The weight of the 

black box indicates the precision as larger symbols indicating greater precision of the effect-

size determined from its corresponding study. 
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Figure ( 6.1): A forest plot of the effect size iy  with 95% confidence intervals. 

6- The sampling variance, iv :  It is the variance of the standardized mean difference, and it 

can be estimated by the following formula, 

2
,

2( )

T C
i i i

i T C T C
i i i i

n n yv
n n n n
 


 

where T
in and C

in  are the sample sizes of the treatment and control groups, 

respectively, and iy  is the effect size of the ith study. 

The following section fits the mixed-effects model for the considered data with intervention 

of length and the two dummy variables (metacognition and college).  

6.3 Coefficients Estimation  

This section discusses the fitting of the appropriate meta-regression model of the 

effect size (effectiveness of writing on academic performance) with three explanatory 

variables namely length of intervention and the two dummy variables (college and 

metacognition).  

In order to determine the appropriate meta-regression model, the test of heterogeneity 

Q  is conducted. The observed variation Q = 44.14 which exceeds 2
25,0.05 37.652  . 
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Furthermore, the expected variation ( df ) equals number of studies minus 1, ( df =25). Thus, 

21.14Q df   which is greater than 0. Thus, this is a significant indication of the existence 

of variations between the studies. Furthermore, the estimated variance of the observed effect 

size is ̂ = 0.0472. 

Thus, the mixed-effects model will be used to fit the data. 

Table 6.1 presents the coefficients estimates of the fitted model associated with its 

95% confidence intervals.  The estimates are not significantly differ from zero where the 

95% confidence interval includes zeros. Therefore, we conclude that none of the estimated 

coefficients are significant.   

Table ( 6.1): Estimation of mixed-effect model coefficients 

Variable Estimate 95% Confidence Interval 

Intercept 0.12 ( -0.13 to 0.37) 

Length 0.01 (-0.01 to 0.03) 

Metacognition 0.24 (-0.06 to 0.54) 

College -0.1 (-0.37 to 0.16) 

Figure 6.2 (a) shows that there are two points far away from the value of zero which 

are candidate to be outliers.  

  

(a) Residuals plot (b) Q-Q normal plot  

Figure ( 6.2): Plots of the residuals of mixed-effect model 
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The following subsection will examine the existence of outliers which may have made all the 

coefficients insignificant. 

6.4 Detection of Outliers  

This section considers the problem of detecting outliers in the mixed-effect model 

based on the methods proposed by (Viechtbauer and Cheung, 2010) and the new alternative 

method based on the penalized maximum likelihood estimation. Furthermore, the effect of 

the removal of outliers on the coefficients of the fitted model will be discussed. 

6.4.1 Outlier Detection Procedures 

Figures 6.3 presents the results of applying outlier detection procedures proposed by 

Viechtbauer and Cheung  (2010), including six statistics (a) studentized deleted residuals; (b) 

DFFITS values; (c) Cook’s distances; (d) COVRATIO ; (e) ̂  deleted and (f) QE deleted. All 

six figures of statistics show that two studies with numbers 7 and 25 are inconsistent with 

other studies. Therefore, these two studies can be considered as outliers. 

 

Figure ( 6.3): Plot of the (a) studentized deleted residuals; (b) DFFITS values;  

(c) Cook’s distances; (d) COVRATIO; (e) ̂  deleted and (f) QE deleted. 
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Figure 6.4 shows the plots of DFBETAS for four coefficients of the mixed-effect 

model.  Intercept coefficient reveals the influence of studies with numbers 7,15,17, 19 and 

25.  The coefficient of length of interventions reveals the influence of studies with numbers 

6, 12, 13, 19, 20, 22 and 25. The coefficient of metacognition reveals the influence of studies 

with numbers 7, 22 and 25. The coefficient of college reveals the influence of studies with 

numbers 7, 13, 15, 19, 22 and 25.  

 

Figure ( 6.4): Plot of the DFBETAs of the mixed-effect model 

 

 



  58 
 

6.4.2 Outlier Detection via Penalized Maximum Likelihood 

In order to apply the penalized maximum likelihood estimation, data set need to be 

reconstructed via adding 26 dummy variables in matrix form such as , where , 1,..., 26ijD i j 

, and 1 forijD i j   and 0ijD   otherwise. The SCAD penalty function is used by fixing 

the scalar 3.7a   according to (Zhang et al., 2015).  

For assessing the predictive accuracy of the model at various values of tuning 

parameters λ, we have used the cross validation. Figure 6.5 shows the cross-validation for 

different values of tuning parameter λ, it is obvious that the value of λ that minimizes the 

cross-validation error can be obtained by exp( 2.5) 0.082   with four selected variables. 

 

Figure ( 6.5): Cross-validation for different values of tuning parameter λ. 

For further illustration Figure 6.6 shows the way how variables are entered the model 

one at the time and at any given value of λ, several coefficients are zero. 
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Figure ( 6.6): Coefficient estimates at different values of tuning parameter. 

Using the optimum tuning parameter λ and fitting the meta-regression model we have 

the coefficient estimates as listed in Table 6.2. There are four non zero coefficients as also 

seen in Figure 6.6. These coefficients are corresponding to, length of intervention, 7D , 18D  

and 25D . Therefore, three studies with numbers 7, 18 and 25 are defined as outliers, with 

higher magnitude of study number 25. 

Table ( 6.2): Penalized maximum likelihood estimation of mixed-effect meta-regression 

coefficients 

 (Intercept) Length Meta college 1D  2D  

0.185 0.008 0.00 0.00 0.00 0.00 

3D  4D  5D  6D  7D  8D  

0.00 0.00 0.00 0.00 0.047 0.00 

9D  10D  11D  12D  13D  14D  

0.00 0.00 0.00 0.00 0.00 0.00 

15D  16D  17D  18D  19D  20D  

0.00 0.00 0.00 -0.249 0.00 0.00 

21D  22D  23D  24D  25D  26D  

0.00 0.00 0.00 0.00 1.062 0.00 

 



  60 
 

6.4.3 Effect of Outliers 

The results of different outlier’s detection procedures are consistent, and there are two 

studies with numbers 7 and 25 are outliers. This subsection discusses the effect of the 

removal of studies 7 and 25 these two outliers on the fitted mixed-effect model. 

In order to determine the appropriate meta-regression model, the test of heterogeneity 

Q  is conducted based on the reduced data set (i.e. without studies 7 and 25). The observed 

variation Q = 26.07 which is less than the value of 2
23,0.05 35.172  . Furthermore, the 

estimated variance of the observed effect size is ̂ = 0.0144. Thus, there is no significant 

indication of residual heterogeneity. 

The estimates of model coefficients show that only the metacognitive prompts 

variable becomes significant with coefficient estimates equals 0.31 and 95% confidence 

interval (0.03 to 0.59). 

6.5 Summary 

The application of meta-regression model based on one of the educational problems 

highlights the importance of detecting outliers in the meta-data before fitting the model. 

Furthermore, there is a high consistency between the proposed procedure of detecting outliers 

in meta-regression models based on the penalized maximum likelihood estimation and other 

common methods.  
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7.1 Introduction 

This study has shed the light on the importance of meta-analysis, as a quantitative 

approach to combine the results of various studies on certain problem with one or more effect 

size. This chapter summarizes the main conclusions as well as possible recommendations in 

the following two sections. 

7.2 Conclusions 

1- Detection of outliers in a vital task before conducting the statistical analysis in the 

context of meta-analysis. 

2- Penalized maximum likelihood estimation method is working effectively and 

consistently with other common outlier’s detection procedures in meta-regression 

models. 

3- Extensive computational works are required to use the Penalized maximum likelihood 

estimation. 

4- The results of different outlier’s detection procedures are consistent, and there are two 

studies with numbers 7 and 25 are outliers. 

7.3 Recommendations 

1- Meta-analysis should be given much attention and should be included in the research 

methodologies courses for postgraduate students. 

2- The power of performance of the penalized maximum likelihood method for detection 

outliers should be studied and compared with other common methods in the context of 

meta- analysis. 

3- To use different possible outlier detection procedures before remove any study in the 

analysis. 

4- To write-up a special package in R to deal with the problem of outliers in meta-

analysis. 
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Appendix 1 

Results from 26 studies examining the effect of writing-to-learn interventions on 

academic achievement 

Study Year College Length Meta iy  iv  

1 1992 1 15 1 0.65 0.070 

2 1994 1 9 0 -0.04 0.019 

3 1996 1 1 0 0.03 0.009 

4 1985 0 4 1 0.26 0.106 

5 1986 1 4 0 0.06 0.040 

6 1996 1 15 0 0.77 0.107 

7 1994 1 15 1 0.00 0.021 

8 1989 1 4 0 0.54 0.038 

9 1996 1 14 0 0.20 0.086 

10 1998 1 15 0 0.20 0.091 

11 1991 1 4 0 -0.16 0.167 

12 1985 1 3 0 0.51 0.065 

13 1991 0 19 0 0.54 0.061 

14 1993 0 12 1 0.37 0.060 

15 1987 0 1 0 -0.13 0.037 

16 1987 0 1 0 0.18 0.069 

17 1993 0 1 0 0.27 0.018 

18 1991 1 11 0 -0.32 0.060 

19 1991 0 1 0 -0.12 0.023 

20 1996 1 15 0 -0.07 0.033 

21 1994 1 15 0 0.70 0.265 

22 1987 1 2 1 0.49 0.039 

23 1992 0 24 1 0.58 0.067 

24 1980 1 15 0 0.63 0.168 

25 1988 0 15 1 1.46 0.099 

26 1989 1 15 0 0.25 0.072 

(Source: Viechtbauer and Cheung, 2010) 
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Appendix 2 

R- command for mixed-effect model 

 

Library ("ncvreg") 

Edu<-read.table(file.choose(), header=TRUE) 

y <-Edu $y 

X <- as.matrix(Edu[,2:30]) 

fit <- ncvreg(X,y,penalty="SCAD") 

plot(fit,main=expression(paste(a,"=",3.7))) 

fit 

cvfit <- cv.ncvreg(X, y) 

coef (cvfit) 

 

 


