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 ملخص الدراسة

وهو مفيد لتوضيح  ما، إحصائي يستخدم للتنبؤ باحتمال وقوع حدث االنحدار اللوجستي الثنائي هو نموذج

العالقة بين المتغيرات المستقلة ومتغير االستجابة الثنائي. يستخدم هذا النوع من النماذج على نطاق واسع 

النظري الخاص بشرح نموذج  اإلطار الدراسةنستعرض في هذه  في نمذجة المشكالت الحقيقية المختلفة.

بيانات كأي االنحدار اللوجستي  أن بياناتوكما  ،به المتعلقة الرياضيةاللوجستي والمعادالت  االنحدار

لوجود القيم المتطرفة والمالحظات المؤثرة. تستعرض هذه الدراسة ستة طرق  تعرضإحصائية أخرى ت

                                                         وهي: للكشف عن القيم المتطرفة في االنحدار اللوجستي الثنائي

بقايا بيرسون، بقايا بيرسون المعيارية، بقايا االنحراف، الفرق بين القيم المتوقعة، مسافة كوك، وقيمة 

في حاالت القيم المتطرفة الفردية والمتعددة من خالل  ء هذه الطرقيتم فحص أدا ذلك،عالوة على القبعة. 

النظر عن طبيعة النموذج مع أحجام  بغض ،مختلفةثالثة نماذج لوجستية بناءً على  مكثفة،دراسات محاكاة 

                                                                                     التلوث.عينة معينة ومستويات 

 ماله كانمسافة كوك وطريقة الفرق بين القيم المتوقعة  طريقة أظهرت نتائج دراسة المحاكاة أن كال من 

كما األضعف.  هيبقايا االنحراف وقيمة القبعة كال من  في حين أنأفضل أداء مقارنة بالطرق األخرى. 

 عند مختلف االكتشاف الصحيحونسبة أظهرت النتائج أيًضا وجود عالقة عكسية بين مستويات التلوث 

ريًضا بسرطان الدم عن طريق االنحدار م 03تم تحليل البيانات لـ  التوضيح،وألغراض  عينات.ال أحجام

وأظهر التحليل اتفاقًا مع  المحتملة،طرق الست للكشف عن القيم المتطرفة الوتم تنفيذ  الثنائي،اللوجستي 

                                                                                              نتائج دراسة المحاكاة.
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ABSTRACT 

Binary logistic regression is a statistical model used to predict the probability of 

an event, a useful way to clarify the relationship between a independent variables 

and the binary response variable. Such type of model is widely used in modeling 

various real problems. In this study, we review the theoretical framework for 

explaining the logistic regression model and the mathematical equations related 

to it. As other types of statistical data, logistic regression data. Subjected to the 

existence of outliers and influential observations. This study reviews six methods 

of detecting outliers in the binary logistic regression, namely: Pearson residual, 

Standardized Pearson residual, Deviance residual DFFIT, Cook distance and Hat 

value. Furthermore, their performances in the cases of existing single and multiple 

outliers examined via extensive simulation studies, based on three different 

logistic models. Regardless of the nature of the model with a given sample sizes 

and contamination levels, the results of the simulation study showed that both 

DFFIT and CD had the best performance compared to other methods. The results 

showed that of both the Deviance residual and Hat value methods are the weakest. 

The results also showed an inverse relationship between the contamination levels 

and the CDO at different sample sizes.                                        

For illustration purposes, a real data of 30 patients with leukemia modelled by 

binary logistic regression, and the six detection methods implemented to detect 

possible outliers, the analysis showed an agreement with the findings of the 

simulation study.  
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CHAPTER ONE   

INTRODUCTION 

1.1 Background                     

      The use of logistic regression model (LR) considered one of the most common 

statistical methods in dealing with categorical data. It used to predict the 

probability of the occurrence of an event or a particular phenomenon, for example, 

the possibility of the emergence of a heart attack for someone during a certain 

period based on the patient's age, sex and weighted. Therefore, one we may 

consider the LR to work on the examination of the relationship between the 

dependent variable, which is Categorical dependent variable and set of 

independent variables. The logistic regression is a special case of the generalized 

linear model where the dependent variable takes two values, which called binary 

logistic regression, or it may takes more than two values, which called multiple 

logistic regression (Tufferny, 2010). In the logistic regression, the target is not the 

interpretation of dependent variable, but it is the interpretation of the possibility 

of the occurrence or non-occurrence of the phenomenon under the study. Thus, 

logistic regression is widely used in medicine, social sciences and expectations of 

the consumer tendency to buy a commodity or refraining from buying it. With the 

expansion of the use of this technique, particularly in observational studies there 

was a need to analyze the residuals and identify outlying values and influential 

cases, which often have a negative impact on the predictability and efficiency of 
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the model accuracy. Furthermore, it is also important to examine outliers carefully 

 ,ecentlyR .)aPregibon, 1981them ( and then decide whether to keep or eliminate

many studies on methods for detecting outliers values in logistic regression, and 

we will look at some of them in Chapter 3. This study will compare and 

recommend the most appropriate method to detect outliers in the binary logistic 

regression.                                                                                                                 

                                                     1.2 Formulation of the logistic function  

   The logistic regression model based on the basic assumption that the dependent 

variable is n × 1 vector of the response variable that we are interested in studying. 

A binary variable follows the Bernoulli distribution and takes the value (1) with 

probability (π) and value (0) with probability (1-π). The quantity πi is the 

probability for the ith covariate satisfying the important requirement, and 

 0 ≤ πi ≤ 1.  In the sample linear regression, the independent and dependent 

variables take continuous values so the model of these variables given as:                                    

. 

and  ,xat the value of  observed) yvalues of ( averagethe is  (y)E ssuming that theA

asthe form  itten inwr can then it  ˆ    yy    represents the error where    the

 ,)yis binary (any more dependent variable when  However, .( )E y x x  

. ˆ (  )  P( 1)    E y x ybecausesimple linear regression is not appropriate  then

One way to solve this problem is to introduce a transformation mathematical on 

so that the 1999)  (Alisson,  0
1




  


 then ≤ 1 π≤  is 0 where yvariable the 

regression model can be written as:                                                                           

  y x    

http://scialert.net/fulltext/?doi=jas.2011.26.35&org=11#362916_ja
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 (1 .1                                     )           .log
1

x



  


   

If we have more than one independent variable where X is n (k+1) design matrix 

of explanatory variables, β  is a (k+1) vector of parameters then log-odds of having 

Y = 1 for given X modeled as a linear function of the explanatory variables 

as:                                                                                                                             

  (1.2)             1 1 2 2log ... for i = 1,2, ,..., .
1

   



     


k iX X X n

i
βX   

              as:                        equation (1.2) can written  

 (1.3)                       . 
1

1 exp( )
 


i

βX
             

This formulation represents the logistic regression model as a type of generalized 

linear model, which predicts variables with various types of probability 

distributions by fitting a linear predictor function to some sort of arbitrary 

transformation of the expected value of the variable.                                              

1.3 Outliers  

Outlier is an observation that deviates so much from the other observations, as to 

arouse suspicions that it generated by a different mechanism. (Bross, 1961) and 

(Barnett and Lewis, 1978) define outliers in the data set as those observations seen 

that seem illogical when compared to other groups data. 

1.3.1   Causes of Outliers  

   Rousseeuw and Leoy, (1987b) and Hodges and Sargent, (2001) considered that 

outlier values may appear in the data set due to several reasons, including: 

https://en.wikipedia.org/wiki/Generalized_linear_model
https://en.wikipedia.org/wiki/Generalized_linear_model
https://en.wikipedia.org/wiki/Probability_distribution
https://en.wikipedia.org/wiki/Probability_distribution
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 Mistakes made by the researcher located at the recording measurements. 

 Because of a defect in the device measurements, especially in laboratory 

experiments.  

 Because of errors in the calculations leading to the emergence of anomalous 

values. 

 Mechanical malfunctions (such as transmission or re-encoding errors). 

1.3.2 Effect of Outliers  

     The existence of outliers often has a significant impact on the standard and 

mean deviation in a data set that work to distortion of the results. In addition, the 

erroneous estimation of the parameter causes in bad classification of the results 

and thus creates problems when making the wrong conclusion of the model or 

drawing unreliable conclusions and decisions (Dai and Nurunnabi, 2012). 

1.4   Identification of Outliers  

    The specific form of the logistic regression model given by equation (1.2). In 

matrix notation, g(X) = βXi, where X is an n × k matrix containing the data for 

each case with k = p + 1, Y is an n × 1 vector of binary responses and where i  

known as probability for the ith factor/covariate and is defined as: 

                             
exp( )

( )
1 exp( )

T

i
i T

i

x
x

x








 ,             0 1iπ   .                       (1.4) 

where 1 2( , , ,..., )k       is the vector of regression parameters. For the model 

Y = π(X) + ε, according to Barnett and Lewis (1994) outliers are those, which 
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stand apart from the rest of the data, where:                                                        

1 ,

,

  ,    1

  1 ,   0


















 
 

with probability if y

with probability if y

 

After estimating the model parameter, (Imon and Hadi, 2008).  The ith residual 

defined as:  

                                   ˆ ˆ ,i i iy   1,2,...,i n  .                                                               (1.5)                                                     

There are many types of residuals reflect the differences between fitted and 

observed values, and are the basis of varieties of diagnostic methods. Such as, 

Pearson residual (Pr), Standardized Pearson residual (SPr), Deviance residual 

(DR) and other type methods as Different of fits (Dffits), Cook's Distance(CD) 

and Hat value(Hv). All technical details of definitions and mathematical formulas 

related to these residues will discuss in Chapter 3. 

1.5 Statement of Problem  

Over the last decade, it has become clear that logistic regression frequently used 

in observational studies. However, this type of model is highly sensitive to outlier 

values obtained from observational studies (Pregibon, 1981b). The wide 

applications of logistic regression in many fields and its use by various 

practitioners are makes the study of its problem more interested and fruitful. 

Logistic regression, as most of other statistical models is sensitive for outlier, 

where the parameter estimates and predictions are badly affected. There are 
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various types of methods to detect these outliers, but the existed researches in 

literature just compare their applications on real data. 

In this study, we conduct an extensive simulation studies to compare their 

performances in different settings including, sample sizes level of contamination 

based on three models. The findings of this study will assist researchers and users 

for better understanding of the behavior of outlier's detection methods in the 

logistic regression.      

Objectives     1.6  

 When applying the binary logistic regression analysis of a set of real data 

researcher faces the existence of outlier values Therefore, we seek to achieve 

the followings: 

 Review the theoretical framework for explaining the logistic regression model 

and the mathematical equations related to it. 

 To review available methods of outliers detection in logistic regression.    

 To compare the methods of outliers detection on binary logistic. 

 To apply the reviewed methods on a real data set. 

1.7 Methodology 

In order to achieve the objectives of the study, the researcher will follow: 

   Reviewing the formulation of the binary logistic model and diagnostic 

statistics and diagnostic plots. 
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 Reviewing the available methods of outlier detection and comparing 

between them via simulation study.  

   Researcher will use statistical software packages including R and SPSS.  

   For illustration purposes, a real data set will be analyze. 

1.8 Study Outline  

In this study, we will focus on diagnostic methods and outliers detection in 

Binary Logistic Regression Model as follows: 

Chapter one: Introduce the motivation and primary definitions. 

Chapter two: Reviews the definition of the Binary Logistic regression, its 

properties and methods of estimation, as well as calculating error. 

Chapter three: Reviews Outliers detection in binary Logistic Regression 

Model. 

Chapter four: Compares the performance of detection method via simulation 

study.  

Chapter five: Applies on a real data set for Leukemia on 30 cases of patients.    

Chapter six: Proposes the main results and derives the conclusion. 
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CHAPTER TWO 

LOGISTIC REGRESSION MODEL 

2.1 Introduction  

       Regression models have become an integral component of any data analysis 

concerned with describing the relationship between a response variable and one 

or more explanatory variables. It is often the case that the response variable is 

discrete by taking certain possible values. Over the last decade the logistic 

regression model has become, standard method of analysis in this situation 

(Hosmer and Lemeshow, 2000). Logistic regression (LR) developed by the 

statistician David Cox (Cox, 1958a). It was widely used as an alternative to 

ordinary linear regression in the late 1960s and early 1970s (Cabrera, 1994), and 

it became routinely available in statistical packages in the early 1980s. In the case 

of a binary dependent variable, where it can take only two values, "0" and "1", 

which represent outcomes such as pass/fail, win/lose, alive/dead or healthy/sick. 

Cases where the dependent variable has more than two outcome categories may 

analyzed in multinomial logistic regression (MLR), or, if the multiple categories 

ordered in ordinal logistic regression. The binary (dichotomous) response variable 

requires the use of methodology that is very different from the one employed in 

ordinary linear regression (Hosmer and Lemeshow,2000) wrote a text devoted 

entirely to the methodology and many important applications of handling 

dichotomous response variables in logistic regression equations. Since the binary 

https://en.wikipedia.org/wiki/David_Cox_(statistician)
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logistic model used to estimate the probability of a binary response based on one 

or more predictor (or independent) variables (features). It allows one to say that 

the presence of a risk factor increases the probability of a given outcome by a 

specific percentage, but very important practical problem of model building where 

a “best” subset of possible predictor variables  is to be selected based on data 

(Chernick, 2008). Therefore the goal of an analysis using this method is to find the 

best fitting and most parsimonious model to describe the relationship between an 

outcome (dependent or response) variable and a set of independent (predictor or 

explanatory) variables. The rest of this chapter reviews the main characteristic of 

the logistic regression in order to pave the way to discuss the problem of outliers 

in the following chapters.  

2.2 The Logistic Function: 

        Kleinbaum and Klein (2002) described the mathematical form on which the 

logistic model based, it given by:  

1
( )

1 z
f z

e 



 , (-∞<z<∞) .   

 

 

 

 

 

 

http://libgen.io/search.php?req=David%20G.%20Kleinbaum&column=author
http://libgen.io/search.php?req=%20Mitchel%20Klein&column=author
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In addition, as shown in Figure (2.1): 

 

Figure (2.1) curve of the Logistic function, Kleinbaum and Klein (2002) 

The values of f(z) takes S-shape as z varies from - ∞ to  ∞, when z is -∞, the 

logistic function f(z) equals 0, and when z is ∞ then f(z)  equals 1. Thus, as the 

described in Figure (2.1). The range of f(z) is between 0 and 1, regardless of the 

value of z. The fact that the logistic function f(z) ranges between 0 and 1 is the 

primary reason the logistic model is so popular. The model is designed to describe 

a probability, which is always some number between 0 and 1.Thus, for the logistic 

model, we can never get a risk estimate either above 1 or below 0. This is not 

always true for other possible models, which is why the logistic model is often the 

first choice when a probability  estimated. As shown in Figure (2.1), if we start at 

z = -∞ and move to the right, then as z increases, the value of f(z) hovers close to 

zero for a while, then starts to increase dramatically toward 1, and finally levels 

of around 1 as z increases toward ∞. The result is an elongated, S-shaped figure 

(Kleinbaum and Klein, 2002).In summary, the logistic model is popular because 

of the logistic function, which provides the following: 

• Estimates that must lie in the range between zero and one. 

http://libgen.io/search.php?req=David%20G.%20Kleinbaum&column=author
http://libgen.io/search.php?req=%20Mitchel%20Klein&column=author
http://libgen.io/search.php?req=David%20G.%20Kleinbaum&column=author
http://libgen.io/search.php?req=%20Mitchel%20Klein&column=author
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• An appealing S-shaped description of the combined effect of several risk factors 

on the risk for a disease. 

2.3 The formulation of Logistic Regression Model: 

      Many distribution functions had proposed for use in the analysis of a 

dichotomous outcome variable (Cox and Snell 1989). The logistic distribution is 

one of these distributions. There are two primary reasons for choosing the logistic 

distribution.  

a) From a mathematical point of view, it is considere very easy and flexible 

function in particular use as it gives a clinically meaningful interpretation. In 

order to simplify coding, we use the quantity  ( ) ( )x E Y x    to represent the 

conditional mean of Y given x when the logistic distribution is used. The form 

of the logistic regression model given by: 

                                                            

1

1
( )

1

x

x

e
x

e

 

 








  .                                                            (2.1) 

b) The conditional distribution of the outcome variable is important difference 

between the linear and logistic regression models. In the linear regression 

model, assume that an observation of the outcome variable may expressed as

( )y E Y x   . Where ε is the error and expresses an observation's deviation 

from the conditional mean. It also follows a normal distribution with mean 

zero and some variance constant of the independent variable. The conditional 

distribution of the outcome variable given x will be normal with mean, and a 
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variance that is constant. In Logistic regression, outcome variable given x as y 

= 𝜋(x)+ε. Here the quantity ε may assume one of two possible values. If y = 1 

then ε =1-π(x) with probability π(x), and if y = 0 then ε = -𝜋(x) with probability 

1- π(x). Thus, ε has a distribution with mean zero and variance equal to 𝜋(x)[1-

𝜋(x)]. That is, the conditional distribution of the outcome variable follows a 

binomial distribution with probability given by the conditional mean π(x), 

(Hosmer and Lemeshow, 2000). 

2.4 Logit Transformation: 

       In logistic regression, the regression function is the expected value of the 

response variable, given that the predictor variable (Y )E X x .This function 

expressed by a linear relationship of the coefficients applied to the predictor 

variables. The linear relationship is specified after making a transformation, 

where X is continuous and takes all values in the range (–∞, ∞), however, Y is a 

binary and can be only 0 or 1.Then (Y )E X  belong to [0, 1]. We use equ. (2.1) as 

the specific form of the logistic regression model.  A transformation of π(x) is the 

logit transformation. Which central to our study of logistic regression, the logit 

transformation is in defined terms of π(x) as: 

                            
( )

( ) log
1 ( )

x
g x x

x


 



 
   

 
  ,                                      (2.2) 

where g(x) is the logit transform of π(x). The transformation  
( )

1 ( )

x

x




  takes a 

value from [0, 1] to [0, ∞) and the function g(x) takes the value (– ∞, ∞). 
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Therefore, this logit transformation puts g(x) in the same interval as the linear 

transformation 

 α +βx for arbitrary values of α and β. The logistic regression model expressed 

simply as: 

g(x) = α + βx, 

where g(x) has several properties of a linear regression model, is linear in its 

parameters, may be continuous, and may range from -∞ to ∞, according on the 

range of x. 

2.4.1 Linear Approximation Interpretations: 

      Agresti (2002) explained that the logit increases by β for every one-unit 

increase in x. Since the logit algorithm is not an easy scale to  interpreted, then an 

alternative interpretation needed. The parameter β determines the rate of increase 

or decrease of the S-shaped curve for π(x). The curve ascends when (β > 0) or 

descends when (β < 0). However, β = 0, then π(x) become a constant, and the 

curve becomes a horizontal straight line, which reflect that the binary response Y 

is independent of x. The S-shaped appearance of the model for π(x), since it curved 

rather than a straight line, the rate of change in π(x) per 1-unit increase in x 

depends on the value of x. A straight-line drawn tangent to the curve at a particular 

x value, such as shown in Figure (2.2).  
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2.4.2 Odds and Odds Ratios  

       The possibility is a "natural" way to determine the chances of an event and it 

can expressed in terms of numbers ranging from 0 to 1, where 0 means that the 

event will not happen and the value 1 means that the event will occur. Odd is 

another way to represent event opportunities, it expresses probability of an event 

as the ratio of the expected number of times the event occurs to the expected 

number of times for non-occurrence of the event. If π(x) is the probability of an 

event then the odds of the event given by:     

                              
( )

1 ( )

x
Od

x
ds







 =  

   

     

Probability of event

Probability of no event
.  

Logit(y) can converted back to the odds by the exponentiation and given by:  

(2.3)                                    . 
 1 ( ) 

(Y 1)
ln odds XY

Odds e e     
                                             

Then the odds can converted back to the probability by the formula:               

 .
[ (Y 1)]

( 1)
[1 ( 1)]

odds
P Y

odds Y


 

 
   

Figure (2.2) Linear approximation to logistic regression curve, (Agresti, 2002) 
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This leads to  

(2.4)                                   . 
( )

( )
( 1)

1

X

X

e
P Y

e

 

 




 


                                                 

In other side if we have two probabilities. The corresponding odds of A occurring    

relative to B occurring is known as the odds ratio Odds ratio denoted by OR. It is 

defined as the ratio of the odds for x = 1 to the odds for x = 0, and it is given by:  

(2.5)                        .              
(1) / [1 (1)]

(0) / [1 (0)]
OR

 

 





                                               

The relationship between the odds ratio and the regression coefficient for logistic 

regression with x = 1 to the odds for x = 0 as following:                                           

1

1 1

1
/

1 1

1
/

1 1

e

e e
OR

e

e e

 

   



 



 

   
  

   
   

  
   

  

   1( )
e

   
=  

1e

e

 





=                                                    

 (2.6)                                                         .1e


=                                                     

  It is worth to know that probability, the odds, and the logit are three different 

ways to express exactly the same thing. Of the three measures, the probability or 

odds are probably, the most easily understood.                                                        
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  2.5 Likelihood Function and Maximum Likelihood Estimation 

      In linear regression, the common least squares estimation method used is no 

longer have desirable statistical properties. (Hosmer and Lemeshow, 2000). 

Alternatively, we will use the likelihood estimation method. Suppose that we have 

a sample of n independent observations of the pair (xi ; yi), i=1,2, ... ,n where yi ; 

denotes the value of binary response variable and xi ; is the value of the 

independent variable for the ith subject, assuming  that the response variable has 

been coded as 0 or 1. To fit the logistic regression model in equation (2.1) to a set 

of data requires that we estimate the values of α and β. The likelihood function 

for the independent pairs (xi;yi) is given by: 

                             
1

1

( ) ( ) 1 ( )
ii

n
yy

i i

i

l x x  




  .                                    (2.7) 

The log likelihood function defined as:

1

( ) log[ ( )] { log[ ( )] (1 ) log[1 ( )]}
n

i i i i

i

L l y x y x   


      .               (2.8) 

Substituting the expression for the logit model (2.2) into (2.8), we get 

 

                                 1 ix

i i

i i

log L lx eogy     .                             (2.9) 

By differentiating (2.9) with respect to the parameters and equating the obtained 

partial derivative by zero we have  

                                 
1

1

log
[x (1 ) ]i

n
x

i i

i i

L
y x e 



 




  


   ,  

                                              =  ˆ 0i i i i

i i

x y x y   .                                (2.10) 
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2.6 The Multiple Binary Logistic Regression Model: 

    Consider a collection of p independent variables denoted by the vector x'=(x1, 

x2, ... , xp).Let the conditional probability that the outcome is present be denoted 

by  ( )1 .P Y x x   The logit of the multiple logistic regression model is given 

by the equation: 

                                    
1 1 2 2(x) ... k kg x x x        .                               (2.11) 

In such case the logistic regression model is: 

                                            

( )

( )
( )

1

g x

g x

e
x

e
 


  .                                                       (2.12) 

Let xi = (xi1, ... , xip). Denote setting i of values of p explanatory variables, i =1. . 

. N. When explanatory variables are continuous, a different setting may occur for 

each subject, in which case N = n. The logistic regression model (2.12), given by:  

                                    
1

1

exp

( )

1 exp

p

j ij

j

i p

j ij

j

x

x

x











 
 
 
 

  
 




   .                                    (2.13)                              

When more than one observation occurs at a fixed xi value, it is sufficient to record 

the number of observations ni and the number of successes. We then let yi refer to 

this success count rather than to an individual binary response. Then {y1, . . , yN} 

are independent binomials with E(yi) = niπ(xi), where n1+n2+...+nN = n 

(Agresti,2002). Their joint probability mass function is proportional to the product 

of N binomial functions,  

 
1

( ) 1 ( )
i i

i

n yN
y

i i

i

x x 





 =  
1

( )
exp log ( ) 1 ( )

1 ( )


 







 
 

 
 

i i

i

n yN
yi

i i i

i ii

x
y x x

x
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The log likelihood function given by:

( ) log 1 expi ij j i j ij

j i i j

L y x n x  
   

     
     

     .                            (2.14)   

The likelihood equations result from setting   
( )

0
( )

L







 . 

Since: 

           

exp( )
( )

( )
( ) 1 exp( )

k ik

k
i ij i ij

i i j ik

j

x
L

L y x n x
x





 

 
  

     
 
 


 


.   

The likelihood equations given by: 

                           
1

( ) 0,for  1,2,  ... ,


  
n

ij i i

i

jx y x p  .                          (2.15) 

2.7 Estimation of Standard Errors (SE): 

    To estimation of standard errors should be obtain the method of estimating the 

variances and covariance's of the estimated coefficients follows from well-

developed theory of maximum likelihood estimation (Rao, 1973). This theory 

states that the estimators obtained from the matrix of second partial derivatives of 

the log likelihood function. Assume we have a sample of n independent 

observations of (xi, Yi). Moreover, i= 1, 2... n. Then these partial derivatives have 

the following general form  

                                       

2
2

2
1

( )
(1 )

n

ij i i

ij

L
x


 

 


  


 .                                   (2.16)  

And, 
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2

1

( )
(1 )

n

ij il i

ij l

L
x x


 

  


  

 
   .                                   (2.17) 

For j, l = 0, 1, 2, ... p where πi denotes π(xi). Let the (p+1) ×(p+1) matrix 

containing the negative of the terms given in equations (2.16) and (2.17) be 

denoted as I(β). And is called the observed information matrix. The variances and 

covariance of the estimated coefficients are obtained from the inverse of this 

matrix which we denote as: Var(β)= I-1 (β) ,where Var(βj) denotes the jth diagonal 

element of this matrix, which is the variance of ˆ
j , and Cov(βj,βl) to denote an 

arbitrary Off-diagonal element, which is the covariance of ˆ
j  and ˆ

l . The 

estimators of the variances and covariance, which will be denote by var(ˆ)β  are 

obtained by evaluating Var (β) at β̂ .For the test of hypothesis, we need estimated 

standard errors of the estimated coefficients, which we will denote as: 

                                         1/2ˆ ˆSE( ) [ ( )]j jVar   .                                          (2.18) 

For j = 0, 1, 2, ... , p. This notation use in developing methods for coefficient 

testing and confidence interval estimation (Hosmer and Lemeshow, 2000). 

2.8   Testing For the Significance of the Coefficients: 

      For logistic regression, we are interested to assess how well the model 

minimizes errors of prediction. This can  achieved by assessing the significance 

of the variables in the model to evaluate the predictive power of models. 
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2.8.1 The Likelihood Ratio Test (LL) 

     LL statistic (like F statistic) compares two models, it requires the identification 

of two models to compared, one of which is a special case of the other. The larger 

model called the full model and the smaller model called the reduced model. The 

reduced model obtained by setting certain parameters in the full model equal to 

zero. The set of parameters in the full model that is set equal to zero specify the 

null hypothesis been tested. Correspondingly, the degrees of freedom for the 

likelihood ratio test are equal to the number of parameters in the larger model that 

must be set equal to zero to obtain the smaller model. ( Kleinbaum, 2002). In 

logistic regression, comparison of observed to predicted values is based on the log 

likelihood function defined in equation (2.9).The comparison of observed to 

predict values using the likelihood function is based on the following expression:   

           
likelihood of the fitted model

likelihood of the saturated model
2lnD





  

 
=-2ln [LL]                            (2.19)     

Where LL is the likelihood ratio. The multiplication by -2 ln is necessary to obtain 

a quantity whose distribution known and can therefore used for hypothesis testing 

purposes .Using Equation (2.7), and Equation (2.19) becomes: 

                     
1

ˆ ˆ1
2 ln (1 )ln

1

n
i i

i i

i i i

D y y
y y

 



    
       

    
  .                          (2.20) 

Where ˆ ˆ ( )i i x  .The statistic, D, in equation (2.20) is called the deviance 

(McCullagh and Neider, 1989), and plays central role in some approaches to 

assessing goodness-of-fit.  

http://libgen.io/search.php?req=David%20G.%20Kleinbaum&column=author
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2.8.2 AIC and BIC Test: 

    Akaike’s Information Criterion (AIC) calculated as: 

AIC = −2log LL + 2k. 

Where LL is the likelihood and k is the number of parameters (including the 

intercept) .The Schwarz Criterion (SC), also known as the Bayesian Information 

Criterion (BIC), gives a more severe penalization for additional parameters: 

BIC= SC = k log n − 2log LL. 

Where n is the sample size. Both of the penalized statistics can used to compare 

models with different sets of covariates (Allison, 2012). 

2.8.3 The Wald (W) Test: 

The Wald (W) Test is another way to carry out hypothesis testing in logistic 

regression without using a likelihood ratio test (LL). This test usually done when 

there is only one parameter has tested. It computed by dividing the estimated 

coefficient of interest by its standard error (SE). Moreover, given by:  

                                                       1

1

ˆ

ˆSE( )
W




 .                                                         

2.9 Confidence Intervals (CI) Estimation:  

 In practice, it is more informative to construct confidence intervals for parameters 

than to test hypotheses about their values. In particular, the confidence interval 

estimators for the slope is: 

                                          1 /2
ˆ ˆSE( )j jz   .                                           (2.21) 
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The logit is the linear part of the logistic regression model and, as such, is most 

like the fitted line in a linear regression model. If we assume that g(x) = logit (Y) 

then the estimator of the logit is: 

                                            1
ˆˆ ˆg( )   x x .                                             (2.22) 

The variance of the estimator of the logit requires obtaining the variance of a 

sum, which obtained by:  

             2

1 1
ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ[g( )] ( ) ( ) 2 ov( , )     Var x Var x Var xC .                           (2.23) 

The ends of a 100(1-α) % Wald-based confidence interval for the logit are: 

                                           
1 /2

ˆˆ ˆ( ) z SE[ ( )]g x g x .                                       (2.24) 

Where ˆ ˆSE[g( )]x   is the positive square root of the variance estimator in equation 

(2.23) (Hosmer and Lemeshow, 2000). The likelihood-ratio-based confidence 

interval is the set of β0 for which
2

0 1
ˆ2 ( ) LL( ) ( )      

 
LL . 

2.10 Assessment of Model Fit 

     For assessing, the fit of an estimated logistic regression model with the 

assumption that the model contains those variables (main effects as well as 

interactions) that should be in the model and that variable has entered in the 

correct functional form. To know how effectively the model we have describes 

the outcome variable. This referred to as its goodness-of-fit (GoF).                    

Model fit has traditionally assessed by means of summary test statistics or by 
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residual analysis. Since, the analysis of fit is so important to the modeling process, 

we shall discuss four categories of fit assessment.                                                   

2.10.1 Traditional fit Tests 

The traditional (GoF) statistics following we review:  

1. R2 statistics 

     R2 statistic is the standard (GoF) statistic for ordinary least squares regression, 

it also called the coefficient of determination. The value represents the percentage 

variation in the data accounted for by the model. Ranging from 0 to 1, R2 measures 

can provide useful statistics for comparing models fit to the same set of data.  Its 

given by formula:  

                       

2

2 1

2

1 1

ˆ ˆ( )( )

ˆ( ) ( )

n

i i

i

n n

i
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.                               (2.25) 

 
When j< n in this case there are two measures to this setting are: 
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 .                        (2.26) 

 

 2.  Deviance statistic 

   The deviance statistic is the most noteworthy fit statistic within the generalized 

linear models (GLM) tradition. In (Joseph, 2009) the deviance calculated in 

equation (2.20). 
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  3. Likelihood ratio statistic (LL) 

 
       We have seen the likelihood ratio test used before when deciding whether to 

include predictor(s) in a model. The test can also formulated with the reduced log-

likelihood function being the constant-only model: 

                                     LL= -2ln [LL1 reduced – LL2 full], 

where LL1 is likelihood statistic for model 1, and LL2 statistics for their respective 

models. The statistic has a Chi square distribution ( 2 ), with the degree of 

freedom (DOF) equal to the difference in the number of predictors between the 

two models as explained in subsection (2.8.1).  

 
2.10.2 Hosmer–Lemeshow GoF Test (HL)  

        Hosmer and Lemeshow (2000) developed a goodness-of-fit test that can used 

for the binary logistic model. It has accepted by most statisticians as one of the 

best ways to assess the fit of logistic models.  Hosmer–Lemeshow is a fit statistics   

measure based on the estimated model, by generated 10 groups of predicted 

probabilities for all observations in to intervals. Within each interval, the expected 

number of events obtained by adding up the predicted probabilities. The expected 

number of non-events obtained by subtracting the expected number of events from 

the number of cases in the interval. These expected frequencies compared with 

observed frequencies by the Pearson chi-square statistic.  (HL) statistic with a p-

value greater than 0.05 considered a good fit. The lower value of HL statistic 

considered the less variance in fit. (Joseph, 2009). A formula defining the 

calculating of HL is as following: 
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where 
k
n the total number of subjects in the kth group, ck is denotes the number of 

covariate patterns in the kth decile, and 
1

,
kc

k j
j 

o y   is the number of responses 

among the ck covariate patterns, and the average estimated probability is: 

1

ˆkc
j

k
j k








jm

n
. 

                                                                                                              

  2.10.3 Pearson Chi-Square Statistic: 

      The Pearson or Chi-square ( 2 ) goodness-of-fit statistic is defined in terms 

of the Pearson residual. Summing the square of all observation Pearson residuals, 

yields the Pearson 2 statistic. It was at one time a popular GoF test, but has lost 

favor in recent years due to its bias (Joseph, 2009). The formula of this test given 

by:  

 
 

2

2
ˆ

ˆ ˆ1

i

i i
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 .  

2.11 Summary  

Binary or multinomial logistic regression used to describe the relation between 

response and set of independent variables. The characteristics of the logistic 

regression model including the logit function, estimation, confidence interval, and 

goodness of fit measure has reviewed. The following chapter will discuss the 

occurrence of outliers in logistic regression and different methods to detect them. 
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CHAPTER THREE 

 OUTLIERS IN LOGISTIC REGRESSION 

 

3.1 Introduction 

     The logistic regression model widely used in a variety of fields and has 

increased significantly in recent years. Its popularity increases the need for 

diagnostic tools to judge the suitability of the model. Hosmer and Lemeshow 

(2000) stated, "In recent years, diagnosis has become an essential part of logistic 

regression".  It is common in statistical analysis, often some observations that 

differ in some way from the majority simply treated as outlier values. The outlying 

observations sometimes are uncorrected rather they are made under exceptional 

circumstances, or they belong to other population(s). Outliers affect the covariate 

pattern and consequently their presence can mislead our interpretation. Therefore, 

it is necessary to detect these outliers and act appropriately in order to obtain a 

good fit (Imon and Hadi, 2008). We seek to identify such observations and study 

their impact on the binary logistic model. In this chapter, we review the nature 

and general ideas of outliers in LR its type and detection methods and some 

commonly used diagnostics based on residuals for the identification of outliers in 

logistic regression.                                                                                                      

3.2 Outliers in logistic regression context: 

     Barnett and Lewis, (1978) defined outlier in a data set to be “an observation 

(or subset of observations) which appears to be inconsistent with the remainder of 
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that set of data”. Hawkins (1980) defined outlier as “an observation that deviates 

so much from other observations as to arouse suspicions that is was generated by 

a different mechanism”. The origins of outliers may be due to human error, 

incorrect data entry or usage of missing value codes as real data.  

Unlike ordinary regression, outliers in logistic regression have to be rethought in 

the context of binary data in which all dependent variable values are 0 or 1. An 

error in the y-direction can only occur as a transposition from 0 to 1 or vice versa 

(Copas, 1988). This type of outlier known as y-outlier or residual outlier, where 

the values of the x-variables are not extreme. This residual outlier occurs when y 

= 1 and the corresponding fitted probability is close to zero, or when y = 0 and the 

fitted probability is close to unity (Collett, 2003). 

3.3 Importance of Outliers in Logistic Regression 

     In logistic regression as any other statistical modeling, there is the same 

problems raised due to the existence of outliers. Outliers may affect other statistics 

based on residuals, thus, their detection is an important first step in this process. 

Typically, unlikely observations are consider for exclusion from the data 

according to these outlier detection procedures. The fitting of the logistic model 

depends more on unlikely observations than does modeling with continuous 

errors. This can be note by considering the priori definitions of outliers and 

contrasting linear and logistic regression when "outliers" do not appear. 

(Jenning,1986) explained that by supposing that an outlier is defined as any 

observation such that the probability is small that the response Y is far from the 
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true mean than the observed value y. Formally then the ith case is an outlier if 

Pr( ) ( )i i i iY EY y EY     , where ε is small. In logistic regression, such 

censoring of outliers has a different effect. Censoring outliers implies that if 

Pr( x )i iY  , then do not observe Yi. In fact, we are censoring only in one tail. 

This changes the systematic part of the model. Fitting the true model to the 

censored data will produce biased estimates of β . The censoring prevents us from 

finding the correct systematic component even asymptotically. Under this 

definition, "outliers" are necessary to be detect and treat for logistic regression 

estimation (Jenning, 1986).  

3.4 Outliers Detection Methods in logistic regression 

     This section presents the most common single outlier detection methods in 

logistic regression.   

3.4.1 Residual Analysis: 

     In logistic regression fitted value are calculate for each covariate pattern and 

depend on the estimated probability for that covariate pattern, we denote the fitted 

value of the ith covariate pattern as i iŷ ˆ . Thus, the error variance is a function 

of the conditional mean. The ordinary or simple residuals are most commonly 

used measures for detecting outliers. Statisticians developed new residuals during 

this time, but they were not nearly as well use as those associated with the standard 

GLM methods (Joseph, 2009). The principal purpose for which residuals analysis 

is use in logistic regression is to identify cases for which the model works poorly 
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or cases that exert more than their share of influence on the estimated parameters 

of the model. We define residuals by analogy with regression analysis. In a 

regression model   Y = X β  + e. The residuals ei where   1 2 ne e ,e ,...,e  defined as 

the difference between the observations and their estimated expected values 

 ˆ iy y    (Christensen, 1997). For this reason, residuals (estimates of error) are 

standardize by adjusting them for their standard errors (Hosmer & Lemeshow, 

1988). For the ith covariance pattern it is observed that ith residual is defined as:                                               

(3.1)                        .1,2,...,i n     ˆ ˆ
i i iy   

  There are several residuals of logistic regression model as described below. 

 i) The Pearson residuals: 

      The linear regression residuals defined by  ˆ iy y , it is often expressed in terms 

of the hat matrix (H) and this forms basis of many diagnostics. Using weighted 

least squares linear regression as a model, Pregibon (1981a) derived a linear 

approximation to the fitted values, which yields a hat matrix for logistic 

regression, which has given by: 

                                            
1

12
2

-1

H = V X X VX X VT T .                                             (3.2) 

where V   is n× n diagonal matrix with general elements    
i i i1( )ˆ ˆ   

In linear regression, the diagonal element of the hat matrix called the leverage 

values. Let the quantity hi denote the ith diagonal element of the matrix (H) defined 

in (3.2). It is easy to show that: 
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                                      1ˆ ˆ(1 ) ( )T T

i ii i ix X VXh x                                            (3.3) 

hi where  
1 21, , ,...,T

i i i pix x x x     is the 1× n vector of observations corresponding 

to the ith case. In logistic regression, the residuals measure the extent of covariate 

patterns. Hence, the observations possessing large residuals are suspect outliers. 

Pearson residual are commonly use in diagnostics for the identification of outliers 

is denote by pri. In logistic regression, there are binomial errors and, as a result, 

the error variance is a function of the conditional mean as: 

ˆ ˆ(y ) (1 )i i i i iVar x        

Hence, the ordinary residual can be make more comparable by dividing them by 

 for as Pearson residual defined , which knowniYthe estimated standard error of 

                                                                          : as pattern factor/covariate thithe  

(3.4)                      .      1,2,...,i n,      
 ˆ

i i

i

i

y
pr






                       

(Ryan, 1997) concluded that an observation called outlier if its corresponding 

Pearson residual exceeds a quantity c in absolute term. Since Pearson residuals 

are scaled residuals, a reasonable choice for c could be 2 or 3, that matches 

distance rule used in the normal theory. Nevertheless, often experience that the 

cut-off value c identifies too many observations as outliers. Therefore, we may 

follow Chen and Liu (1993) to consider c as a suitably chosen constant between 

2 and 5. If we use the Pregibon (1981) linear regression-like approximation for 

the residual for the ith covariance pattern, we observe  
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ˆ ˆ (1 )i i i i iy h y     .  

Hence, the variance of the residual has given by:  

                                                 ˆ( ) (1 )i i ih    .                                      

  ii) The Standardized Pearson residuals: 

      The Pearson residuals are elements of the Pearson 
2  goodness-of-fit statistic, 

as explained  in the Subsection (2.10.3) the square of Pearson residual measures 

the contribution of each binary response to the Pearson chi-square test statistic 

but the test statistic does not follow an approximate chi-square distribution for 

binary data without replicates. The Pearson residuals do not have unit variance 

since no allowance n has made for the inherent variation in the fitted value . A 

better procedure further standardize the ordinary residuals by their estimated 

standard deviation that called Standardized Pearson residuals (Sarkar et al, 

2010).The standard deviation is approximated by:   

 

                                                     std =    (1 )i iih  ,            

Where hii is the ith diagonal element of the n× n estimated hat matrix H. Then 

standardized Pearson residuals is denote by spri defined as:   

  

                            
ˆ( )

(1 ) 1

i i i
i

i ii ii

Y pr
spr

v h h


 

 
   , for 1,...,i n .                            (3.5) 
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This is just the difference between the observed and estimated probabilities 

divided by the binomial standard deviation of the estimated probability. For large 

samples, the standardized residual, should be normally distributed with a mean of 

0 and a standard deviation of 1. Standardized Pearson residuals are primarily 

helpful in identifying influential observations and those build in information about 

the influence of a case, whereas Pearson residuals do not. More influential cases 

with high leverage result in high- Standardized Pearson residuals. Standardized 

Pearson residuals approximately follow the standard normal distribution for large 

(n≥30) sample and it can used as an approximate to 
2 distribution. 

iii)  Deviance residual: 

     An alternative or supplement to the Pearson residual is the deviance residual, 

as given in (2.20) Deviance residual is denote by dr   defined as: 

          
1
2ˆ ˆ ˆsign(y ) 2 ln( ) (1 )ln(1 )i i i i i i idr Y Y                                             (3.6) 

Where ˆ(Y )i isign   is the function that makes dri positive when ˆ
i iY   and 

negative when ˆ
i iY  . Similarly, the deviance residuals can standardized to have 

approximate unit variance by dividing dri with 1 ih . Hence, the standardized 

deviance residuals (Sdr) is define as: 

                                                 
1

i
i

i

dr
sdr

h



                                                     (3.7) 

The deviance residual should follow the standard a normal distribution for large 

samples. McCullagh and Neider (1989) expressed a preference for the deviance 

http://www.scialert.net/fulltext/?doi=jas.2011.26.35&org=11#14300_b
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residuals because they are closer to normally distributed than are the Pearson 

residuals. The square of deviance residual measures the contribution of each 

binary response to the deviance goodness-of-fit statistic. It is consider good basic 

building block for logistic regression diagnostics in detection of influential 

outliers. (Sarkar et al. 2011). 

Residual plots are useful for looking at the impact of various residuals by graph 

them against the predicted probabilities, which will always produce two linear 

trends with slope -1. The remaining plots lead to similar patterns. A few residuals 

appear with magnitude less than -2 and greater than +2 and beyond of this range 

definitely deserve closer inspection because standardized residuals outside of this 

range are potential outliers (Christensen, 1997). 

 3.4.2 Cook's Distance (CD) and DFFIT: 

     Cook’s distance (Cook, 1977) and the difference of fits (DFFITS) are influence 

diagnostics used frequently in logistic regression, and became very popular with 

the practitioners. For a logistic regression model, the ith Cook’s distance defined 

as: 

                                            
1

1

ii
i

ii

h
CD spr

k h

 
  

 
,                                          (3.8) 

where spri  is the ith standardized Pearson residual and hii is the ith  leverage 

value. (Belsley et al., 1980) introduced DFFITS as a better choice to detect 

outliers in LR, which defined as:                                                                                                  

                             
( )

( )

ˆ
DFFITS

ˆ








i

i i
i i

i ii

y y

v h
               1,..., .i n                              (3.9) 
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Where ( )ˆ iy   and ( )ˆ i   are respectively the ith fitted response and the estimated 

standard error with the ith observation deleted. DFFITS values can  expressed in 

terms of standardized Pearson residuals and leverage values as: 

                            
( )

DFFITS ,
(1 )

ii i
i i i

ii i

h
spr

h



 



  1,..., .i n                       (3.10) 

Observations with DFFIT value larger than  /c k n , where c is a suitably chosen 

constant between 2 and 3 or more (Hadi, 1992 and Imon, 2005), is termed as an 

influential observation. 

3.5 Identification of Multiple Outliers in the logistic regression: 

     Hample et al. (1986) claims that the routine data set usually contains about  

1-10% of the extreme values. When multiple extreme values are present in a data 

set, one may consider applying one diagnostic case in succession to each. 

However, this problem is not that simple. A set of extreme values may distort the 

fitting of a model in such a way that extreme values may have small artificial 

residuals so that they can appear as extreme. This problem known as masking in 

literature (see Rousseeuw and Leroy, 1987a). The opposite effect of suffocation 

is known as dumping (see Barnett and Lewis, 1994), where outliers values may 

appear as nutrients. Unfortunately, most of the outlier detection methods suffer 

from masking and / or dumping effects from multiple extreme situations. There 

are two published papers on multiple outlier detection in logistic regression as 

following:                                                                                                                    
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1)  Generalized Standardized Pearson Residual (GSPR): 

      (Imon and Hadi, 2008) proposed a new method for the identification of 

multiple outliers in logistic regression. They identification of the suspect group D 

and the group deletion approach. The group of remaining (n-d) cases is denoted 

as R (clean set). Without loss of generality, the data in explanatory variables (X), 

response variable (Y) and the variance-covariance matrix V defined respectively                                                                                                                

       

)1.13(                            .
0

, ,
0

R R R

DD D

X Y V
X Y V

VX Y

     
       

    
                               

is the corresponding vector of estimated parameters  
( )

ˆ
Rset,  RBased on the 

(coefficients). The corresponding fitted values for the logistic regression model 

given by:                                                                                                                   

                                

                                       
( )

( )

( )

ˆexp( )
ˆ ,

ˆ1 exp( )i

T

i R

R T

i R

x

x








   1, 2,...,i n .                          (3.12) 

Hence, the ith group-deleted version of residual, corresponding variance defined 

as: 

                                     (R) (R) (R)
ˆ ˆ(1 )i i i     , 1, 2,...,i n .                              (3.13) 

Also, defined:           

(3.14)                                             . 
( ) ( )

ˆ ˆ
i R i i Ry             

 Using (3.12, 3.13 and 3.14), the ith generalized standardized Pearson residual 

(GSPR) for logistic regression given by:  

                                      
( )

( )
( )

( )

ˆ

(1 )

i i R

s i R
D

i i R

y
r

h



 





    , for i∈ R.                          (3.15) 
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( )

( )
( )

( )

ˆ

(1 )

i i R

s i R
D

i i R

y
r

h



 





 , for i∈ D.                              (3.16) 

Observations with | rsi |≥3 are identified as outliers (Nurunnabi at al., 2010). 

 

2) Identification of Pattern-disrupting Outliers: 

    Imon and Hadi, (2008) suggest  for finding the pattern of the explanatory 

variables, first split the variable X  into two variables, X0  and  X1, where X0 denotes 

a variable that contains the values of X corresponding to the values Y = 0 and X1 

denotes a variable that contains the values of X corresponding to the values Y = 

1. Next, find the center of these two variables. Traditionally the sample means of 

these two variables may considered as their corresponding central values. Then 

can construct a confidence bound-type interval for the variable X as:  

: 2 . .( )I X St dev X   

The sample means could be highly non-robust in the presence of outliers in X, so 

prefer their corresponding sample medians as the central values. Then make a 

confidence bound-type interval for the variable X as: 

 : Median(X) 2 ( )I MAD X , 

Where the median absolute deviation (MAD), defined for a variable X as: 

 (X) Median ( ) / 0.6745iMAD X Median X   

Let XU and XL be the upper and the lower bounds of the interval I respectively, 

Imon and Hadi suspect that the observations are disrupting the pattern of the 

model if they satisfy any of the following cases: 



37 
 

0 1 01: ( ) ( )but i ucase Median X Median X x X   

0 1 11: ( ) ( )but i Lcase Median X Median X x X   

Now from the deletion set D with the observations that satisfy either of the two 

cases. Then compute the generalized standardized Pearson residuals for the 

entire data set after the omission of the cases indexed by D. Observations 

possessing the GSPR values bigger than 3 in absolute terms are finally declared 

as outliers. (Imon and Hadi, 2008).  

  Summary  3.6 

        The problem of outliers in logistic regression discussed and the methods to 

detect those outliers reviewed. The lack of comparison between the detection 

methods motivate us to conduct an extensive simulation study to compare their 

performance in different setting as conducting in the following 

Chapter.                                                                                                                     
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CHAPTER FOUR 

SIMULATION STUDY 

 
4.1 Introduction 

 
      Simulation studies is a statistics procedure based on computer intensive 

procedures to test particular hypotheses and to assess the appropriateness and 

accuracy of a variety of statistical methods in relation to the known truth. In this 

chapter, we are going to compare six detection methods of the binary logistic 

regression namely: 

1- The Pearson residual (Pr),  

2-  The Standardized Pearson residual (SPR) , 

3-   Deviance Residual(DR), 

4-  Cook's distance(CD) ,  

5- DFFIT , 

6- Hat  value (Hv)   

These methods used to detect the outlier values by conducting a simulation 

study to generate binary logistic regression data for three different models. In 

this simulation, we are going to study the behavior of those methods after 

specifying different sizes of a random sample and different percentages  of 

contamination levels () of it. Three predetermined models will be use with 

specific indicators to determine the preference between the methods 

considered. These indicators are: 

1- The average of correct detection (CDO). 

2- The average of uncorrected detection (UCD). 

3- The average of non-detection ratio (UDO). 

Section 4.2 described the study design and Section 4.3 presents and discusses the 

simulation results.  
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4.2 Study Design 

     To conduct a comparison  between the six considered  detection methods and 

random sample  of sizes n =  30,50,70,100,150  which be recurrences 1000 times 

to achieve the convergence at single outlier contamination and for  0.1, 0.2 and 

0.3 rate  of contaminated outliers. For each method, calculate the average 

detection ratio for correct detection of outliers (CDO), the uncorrected detection 

(UCD) which is the average non-outlier observation that identified as outlier, and 

the average undetected outliers (UDO). Three models considered as Rousseeuw 

and Christmann (2003) as follows: 

Model 1: β = (1, 2, 3), at k =2, x1 and x2 independently N (0, 1) distributed. 

Model 2: β = (0.1, 0.2, 3, 4) at k =3, x1, x2 and x3 independently N (0, 1) distributed  

Model 3: β = (1, 0.2, 0.3, 0.4, 0.5), at k = 4, x1, x2, x3, x4 independently N (0, 1) 

distributed.  

4.3 Simulation Result:  

In order to organize the presentation and discussion of the simulation results, the 

two following subsection will consider the single and multiple outlier detection 

respectively. Within each subsection, the discussion will be deal with the three 

considered models as presented in the previous section. 

4.3.1 Single Outlier Detection  

To compare the performance of the six considered outlier detection methods based 

on the three measure namely CDO, UCD, and UDO. The result presented in Table 

(4.1) shows the CDO for the six statistics. The three models almost reflect similar 

behavior in context of single outlier detection as it  explained in Figures (4.1),(4.2) 

and (4.3).It also shows that  the  DFFIT is the preferred method for detecting 

single extreme value where  it has the highest value of CDO for all sizes n  .It's 

followed by  the CD , pr and then the spr method. On the other hand, figures (4.4) 

and (4.5) show that UCD for DFFIT has the highest value compared with the other 

statistics at all sizes of n. Followed by CD for all considered models. The DR has 

the lowest value of UCD followed by the PR and then the SPR. With loss of 
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generality, there is an increasing function of the CDO and sample size for the Pr 

while it is a decreasing one for the other statistics. 

Table (4.1): Power of performance for single outlier in logistic regression models 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

sample size(n)  
Measure method model 

150 100 70 50 30 

0.6710 0.6300 0.6250 0.6200 0.5490 CDO 

Pr 

1 

0.0324 0.0311 0.0282 0.0250 0.0205 UCD 

0.3290 0.3700 0.3750 0.3800 0.4510 UDO 

0.6000 0.5600 0.5740 0.5690 0.5380 CDO 

SPR 0.0202 0.0196 0.0186 0.0173 0.0175 UCD 

0.4000 0.4400 0.4260 0.4310 0.4620 UDO 

0.588 0.5380 0.5450 0.525 0.4380 CDO 

Dr 0.0188 0.0175 0.0155 0.0128 0.0093 UCD 

0.4120 0.4620 0.4550 0.4750 0.5620 UDO 

0.7480 0.7350 0.7310 0.7220 0.7250 CDO 

CD 0.0608 0.0601 0.05914 0.0600 0.0637 UCD 

0.2520 0.2650 0.2690 0.2780 0.2750 UDO 

0.8100 0.8380 0.8480 0.8650 0.8510 CDO 

DFFIT 0.1643 0.1619 0.1603 0.1576 0.1543 UCD 

0.1900 0.1620 0.1520 0.1350 0.1490 UDO 

0.1030 0.1420 0.1350 0.1430 0.2040 CDO 

Hat value 0.0882 0.0891 0.08949 0.0895 0.0876 UCD 

0.8970 0.8580 0.8650 0.8570 0.7960 UDO 

0.6980 0.7110 0.6860 0.6490 0.5490 CDO 

Pr 

2 

0.0249 0.0228 0.0215 0.0176 0.0131 UCD 

0.3020 0.2890 0.3140 0.3510 0.4510 UDO 

0.6570 0.6670 0.6580 0.6520 0.6180 CDO 

SPR 0.0165 0.0156 0.0158 0.0149 0.0189 UCD 

0.3430 0.3330 0.3420 0.3480 0.3820 UDO 

0.6450 0.6420 0.6130 0.5630 0.4350 CDO 

DR 0.0147 0.0124 0.0114 0.0090 0.0058 UCD 

0.3550 0.3580 0.3870 0.4370 0.5650 UDO 

0.8100 0.8340 0.8160 0.8160 0.8030 CDO 

CD 0.0657 0.066 0.0673 0.0698 0.0833 UCD 

0.1900 0.1660 0.1840 0.1840 0.1970 UDO 

0.7800 0.8300 0.8610 0.8800 0.8240 CDO 

DFFIT 0.1724 0.1709 0.1693 0.16454 0.1595 UCD 

0.2200 0.1700 0.1390 0.1200 0.1760 UDO 

0.1890 0.2000 0.2050 0.2570 0.3060 CDO 

Hat value 0.1342 0.1333 0.1293 0.1278 0.1219 UCD 

0.8110 0.8000 0.1390 0.7430 0.6940 UDO 
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(Table 4.1): Continue   

sample size (n) 
Measure method model 

150 100 70 50 30 

0.0780 0.0670 0.0680 0.0710 0.0610 CDO 

Pr 

3 

0.0153 0.0173 0.019 0.0225 0.0273 UCD 

0.9220 0.9330 0.9320 0.9290 0.9390 UDO 

0.0250 0.0260 0.0400 0.0450 0.0580 CDO 

SPR 0.0050 0.0066 0.0088 0.0127 0.0243 UCD 

0.9750 0.9740 0.9600 0.9550 0.9420 UDO 

0.0180 0.0190 0.0270 0.0260 0.0270 CDO 

DR 0.0039 0.0048 0.0054 0.0069 0.0098 UCD 

0.9820 0.981 0.9730 0.9740 0.9730 UDO 

0.1270 0.1120 0.1390 0.1450 0.1690 CDO 

CD 0.0357 0.0428 0.0492 0.06264 0.0959 UCD 

0.8730 0.8880 0.8610 0.8550 0.8310 UDO 

0.1040 0.0990 0.1320 0.1480 0.1990 CDO 

DFFIT 0.0365 0.0454 0.0546 0.0721 0.1169 UCD 

0.8960 0.9010 0.8780 0.8520 0.8010 UDO 

0.0610 0.0470 0.0440 0.0650 0.0710 CDO 
Hat 

value 
0.0460 0.0457 0.0470 0.04722 0.0463 UCD 

0.9390 0.9530 0.9560 0.9350 0.9290 UDO 
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Figure (4.1): CDO for single outlier detection in model 1

h

DFFIT

CD

DR

SPR

Pr

 



42 
 

  
 
 

 
 

 

 

 

 

 

 

 

 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

30 50 70 90 110 130 150

C
D

O
 V

a
lu

e

Sample size n

Figure (4.2):CDO for single outlier detection in model 2
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Figuer (4.3): CDO for single outlier detection in model 3
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Figure (4.4):UCD effect by Sample size,model 1
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Figure(4.5): UCD effect by Sample size,model 2
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4.3.2 Multiple Outlier Detection:  

       The previous section showed the performance of some statistics compare to 

the other in detecting only single outlier. The question here is what if there is 

multiple outlier. Therefore, this  subsection study  the efficiency of the six  

considered detection methods  for different levels of outlier contamination, 

namely  = 0.1, 0.2 and 0.3   for five sample size 30, 50, 70, 100,150 and calculate 

CDO, UCD, and UDO for each statistic based on the three considered logistic 

models.                                                                                                                     

Model 1:  

- Considering different sample sizes n and calculating the average detection 

of outlier with different contaminations levels. The results in Table (4.2) 

and the accompanied drawing in figures (4.6), (4.7) and (4.8) show that the 

DFFIT has the highest value of CDO It is the most preferred method for 

detecting outliers values followed by the CD statistic at all sizes of n at all 

considered contamination level. 

-  The CDO values decrease when the level percentile contaminations 

increase as it displayed in figure (4.9). This may seem strange behavior of 

expected. But a logical explanation for this, was given by Imon and Hadi 

(2008) that the logistic model has a special nature affected by the outliers 

where it change the nature of the model whenever increase the percentage 

of contaminations level in it. 

- Presents the UCD for six statistical methods shows that the lowest values 

belong to SPR followed by the DR for all sizes of n as it shown in Figure 

(4.10) .It does not mean that the DR or the SPR is better than other statistical 

methods. We also need a high ratio in CDO.  This gives us an acceptable 

indicator of method efficiency and accuracy in correct definition of outlier 

value. 
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-  The UCD of the Hat value is the highest for all sizes of n, followed by 

DFFIT, which weakens the efficiency of the method in detecting the outlier 

values. 

Table (4.2): Power of performance at different contaminations level for model 1  

=0.3 =0.2 =0.1 
Method n 

UDO UCD CDO UDO UCD CDO UDO UCD CDO 

0.9404 0.0025 0.0596 0.8257 0.0036 0.1743 0.6337 0.01 0.3663 Pr 

33 

0.988 0.0046 0.0120 0.9745 0.0098 0.0255 0.9678 0.0673 0.0322 SPR 

0.981 0.0007 0.019 0.9207 0.0007 0.0793 0.7606 0.0034 0.2393 DR 

0.8229 0.0163 0.1771 0.7002 0.020 0.2998 0.479 0.0351 0.521 CD 

0.7613 0.034 0.2387 0.5987 0.0461 0.4013 0.3327 0.0891 0.6673 DFFIT 

0.9237 0.0339 0.0763 0.9103 0.0501 0.0897 0.7010 0.1629 0.1157 HatValue 

0.949 0.0007 0.051 0.8107 0.0025 0.1893 0.596 0.0083 0.404 Pr 

50 

0.9932 0.0009 0.0067 0.9775 0.0029 0.0225 0.9689 0.0378 0.0311 SPR 

0.9877 0.0002 0.0123 0.9189 0.0003 0.0811 0.7302 0.0024 0.2698 DR 

0.8473 0.0085 0.1527 0.7152 0.0122 0.2848 0.4982 0.0237 0.5018 CD 

0.7903 0.0201 0.2097 0.6403 0.0299 0.3597 0.3660 0.0684 0.634 DFFIT 

0.9253 0.0356 0.0747 0.9266 0.0381 0.0734 0.7488 0.1576 0.085 HatValue 

0.9547 0.0002 0.0453 0.8064 0.0013 0.1936 0.5909 0.0074 0.4091 Pr 

03 

0.9950 0.0001 0.005 0.9794 0.0021 0.0206 0.9698 0.0321 0.0302 SPR 

0.9898 0.000 0.0102 0.9177 0.0003 0.0823 0.7272 0.0023 0.2727 DR 

0.8572 0.0054 0.1428 0.7219 0.0089 0.2781 0.5254 0.0201 0.4746 CD 

0.8071 0.0161 0.1929 0.6565 0.0249 0.3435 0.3926 0.0598 0.6074 DFFIT 

0.93 0.0373 0.07 0.9361 0.0376 0.0639 0.7863 0.1546 0.0846 HatValue 

0.9603 0.0002 0.0397 0.8103 0.0010 0.1897 0.5851 0.0072 0.4149 Pr 

033 

0.9964 0.0002 0.0036 0.9812 0.0011 0.0188 0.9695 0.0294 0.0305 SPR 

0.9922 0.0000 0.0078 0.9210 0.0002 0.0790 0.7156 0.0025 0.2844 DR 

0.8675 0.0042 0.1325 0.7354 0.0065 0.2647 0.5282 0.0176 0.4718 CD 

0.8196 0.0125 0.1804 0.673 0.0203 0.3271 0.4039 0.0535 0.5961 DFFIT 

0.9348 0.0393 0.0652 0.5049 0.4739 0.4959 0.8032 0.1532 0.0703 HatValue 

0.9635 0.0001 0.0365 0.8077 0.0008 0.1923 0.5779 0.0068 0.4221 Pr 

053 

9.3e-01 6.7e-05 2.7e-03 0.9817 0.0006 0.0183 0.9699 0.0229 0.0301 SPR 

9.6e-01 6.6e-06 6.7e-03 0.9186 0.0001 0.0814 0.7131 0.002 0.2869 DR 

0.8716 0.0028 0.1284 0.7396 0.0054 0.2604 0.5384 0.0163 0.4616 CD 

0.826 0.0102 0.1740 0.6780 0.0183 0.322 0.4205 0.0495 0.5795 DFFIT 

0.9359 0.0390 0.0641 0.9762 0.4733 0.4970 0.8183 0.1517 0.0635 Hat Valu 
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Figure (4.6): CDO for model 1 at  =0.1
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Figure (4.8): CDO for model 1 at  =0.3
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Figuer (4.9) : Contaminations level () effect on CDO for model 1 at n =30
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Model2:  Following similar discussion on model 1, Table (4.3) displays that the 

high value of CDO belong to CD statistic at all size n followed by DFFIT. While 

the hat value have the lowest CDO as see in Figure (4.11), which gives us an 

indication that this statistic can't rely too much on the detection of outlier values 

and as we explain previously. In Figure (4.12) CDO value for six methods are 

decreases when n size increase at = 0.2, also we see that in Figure (4.13) the 

CDO value for six methods are decrease when level contamination are increase. 

For example the UCD in model 2 at =0.2 the hat value is the highest and its 

decrease when n size increase at all six methods as figure (4.14). 
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 Table (4.3): Power of performance at different contaminations level for model 2 

=0.3 =0.2 =0.1 
Method n 

UDO UCD CDO UDO UCD CDO UDO UCD CDO 

0.9752 0.0048 0.0248 0.9507 0.0085 0.0493 0.907 0.0172 0.0930 Pr 

03 

0.9839 0.0029 0.0161 0.9652 0.0054 0.0348 0.9337 0.0105 0.0663 SPR 

0.9938 0.0012 0.0062 0.9832 0.0025 0.0168 0.966 0.0054 0.034 DR 

0.8964 0.0290 0.1036 0.8557 0.0347 0.1443 0.8007 0.0492 0.1993 CD 

0.9271 0.0213 0.0729 0.8922 0.0272 0.1078 0.8453 0.0406 0.1547 DFFIT 

0.9779 0.0327 0.0221 0.9782 0.06 0.0218 0.9807 0.138 0.0193 Hat Value 

0.9831 0.0023 0.0169 0.9618 0.0051 0.0382 0.9134 0.0134 0.0866 Pr 

03 

0.9924 0.0006 0.0076 0.98 0.0019 0.02 0.9492 0.0060 0.0508 SPR 

0.9958 
 

0.0003 0.0042 0.9884 0.0011 0.0116 0.967 0.0041 0.0330 DR 

0.9193 0.0170 0.0807 0.877 0.0229 0.123 0.8198 0.0358 0.1802 CD 

0.9485 0.0112 0.0515 0.9236 0.0155 0.0764 0.8786 0.0254 0.1214 DFFIT 

0.9785 0.0397 0.0215 0.9779 0.0640 0.0221 0.9752 0.1394 0.0248 Hat Value 

0.9868 0.0012 0.0132 0.9618 0.0043 0.0382 0.905 0.0115 0.095 Pr 

03 

0.9953 0.0003 0.0047 0.9851 0.0012 0.0149 0.9516 0.0046 0.0484 SPR 

0.9976 0.0002 0.0024 0.9902 0.0008 0.0098 0.9633 0.0032 0.0367 DR 

0.9276 0.0125 0.0724 0.8789 0.0189 0.1211 0.8240 0.0318 0.1760 CD 

0.958 0.0075 0.042 0.9281 0.0115 0.0719 0.8873 0.0199 0.1127 DFFIT 

0.9786 0.0412 0.0214 0.9776 0.0611 0.0224 0.9793 0.1280 0.0207 Hat Value 

0.9924 0.0007 0.0076 0.9655 0.0028 0.0345 0.9072 0.0108 0.0928 Pr 

033 

0.9977 0.0001 0.0023 0.9882 0.0007 0.0119 0.9599 0.0034 0.0401 SPR 

0.9985 0.0000 0.0015 0.9916 0.0004 0.0084 0.9674 0.0026 0.0326 DR 

0.9314 0.0099 0.0686 0.8889 0.0152 0.1111 0.8255 0.0290 0.1745 CD 

0.9601 0.0061 0.0399 0.939 0.0089 0.0616 0.8979 0.0167 0.1020 DFFIT 

0.9761 0.0457 0.0239 0.9810 0.0647 0.019 0.9819 0.1310 0.0181 Hat Value 

0.9941 0.0003 0.0059 0.9712 0.0020 0.0288 0.9116 0.0099 0.0884 Pr 

150 

9.900e-0 3.33e-05 1.20e-03 0.9933 0.0003 0.0067 0.0026 0.0026 0.0363 SPR 

9.99e-01 6.67e-06 8.00e-04 0.9948 0.0009 0.0052 0.9685 0.0022 0.0315 DR 

0.9366 0.0072 0.0634 0.8904 0.0129 0.1096 0.8342 0.0265 0.1658 CD 

0.9638 0.0042 0.0362 0.9419 0.0072 0.0581 0.9096 0.0149 0.0904 DFFIT 

0.9772 
 

0.0467 
 

0.0228 
 

0.9793 

 
0.0650 

 
0.0207 

 
0.9829 

 
0.1274 

 
0.0171 

 
Hat Value 
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Figure (4.11): CDO for model 2 at  =0.1
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Figure (4.12): CDO for model 2 at = 0.2
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Model 3: Almost similar behavior of detection method was observed for model 

3, Table (4.4) and Figures (4.19),(4.16)and (4.13) confirm these findings. 
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Figure (4.13): Contimentations level effect on CDO for model3 at …
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Figure (4.14): UCD for model 2 at =0.2
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Table (4.4): Power of performance at different contaminations level for model 3 

=0.3 =0.2 =0.1 
Method n 

UDO UCD CDO UDO UCD CDO UDO UCD CDO 

0.9776 0.0061 0.0224 0.9607 0.0096 0.0393 0.935 0.019 0.065 Pr 

03 

0.9864 0.0036 0.0136 0.9767 0.0055 0.0233 0.9627 0.0107 0.0373 SPR 

0.9943 0.0013 0.0057 0.9893 0.0023 0.0107 0.9797 0.0057 0.0203 DR 

0.9146 0.0334 0.0854 0.8847 0.0435 0.1153 0.861 0.057 0.139 CD 

0.972 0.0133 0.028 0.958 0.0191 0.042 0.944 0.0267 0.056 DFFIT 

0.9944 0.0037 0.0056 0.994 0.0041 0.006 0.989 0.037 0.011 Hat Value 

0.9889 0.0025 0.0111 0.9735 0.0063 0.0265 0.9406 0.0142 0.0594 Pr 

03 

0.9967 0.0010 0.0033 0.9919 0.0020 0.0081 0.9772 0.0053 0.0228 SPR 

0.9983 0.0005 0.0017 0.995 0.0010 0.005 0.9862 0.0032 0.0138 DR 

0.9392 0.0233 0.0608 0.9162 0.0290 0.0838 0.8818 0.0415 0.1182 CD 

0.9848 0.0069 0.0152 0.9773 0.0095 0.0227 0.967 0.0155 0.033 DFFIT 

0.9934 0.004 0.0066 0.9902 0.005 0.0098 0.9914 0.0068 0.0086 Hat Value 

0.9937 0.0015 0.0063 0.9869 0.0029 0.0131 0.9504 0.0117 0.0496 Pr 

03 

0.9984 0.0004 0.0016 0.997 0.0008 0.003 0.9854 0.0032 0.0146 SPR 

0.9991 0.0002 0.0009 0.9984 0.0005 0.0016 0.9897 0.0019 0.0103 DR 

0.9503 0.0168 0.0497 0.9300 0.0243 0.0699 0.888 0.0358 0.112 CD 

0.9882 0.0046 0.0118 0.9827 0.0062 0.0173 0.9656 0.0106 0.0304 DFFIT 

0.9921 0.0159 0.0079 0.9904 0.0056 0.0083 0.9901 0.0074 0.0099 Hat Value 

0.9973 0.0005 0.0027 0.9884 0.0019 0.0116 0.9617 0.0079 0.0383 Pr 

033 

0.9995 0.0001 0.0005 0.9976 0.0003 0.0024 0.9921 0.0017 0.0079 SPR 

0.9996 0.0001 0.0004 0.9987 0.0003 0.0013 0.994 0.0012 0.006 DR 

0.9585 0.0137 0.0415 0.9347 0.0195 0.0653 0.9007 0.0309 0.0993 CD 

0.9926 0.0033 0.0074 0.9874 0.0051 0.0126 0.9731 0.0077 0.0269 DFFIT 

0.9918 0.0053 0.0082 0.9916 0.0064 0.0084 0.989 0.0084 0.0110 Hat Value 

0.9989 0.0001 0.0011 0.994 0.0010 0.0060 0.9748 0.0058 0.0252 Pr 

003 

9.99e-01 1.33e-05 2.22e-04 0.9994 0.0001 0.0006 0.996 0.0006 0.004 SPR 

9.99e-01 6.67e-06 1.56e-04 9.9e-01 9.3e-05 0.0004 0.9971 0.0005 0.0029 DR 

0.9655 0.0108 0.0345 0.9424 0.0165 0.0576 0.9001 0.0275 0.0899 CD 

0.9936 0.0022 0.0064 0.9902 0.0035 0.0098 0.9789 0.0068 0.0211 DFFIT 

0.991 0.0062 0.009 0.9900 0.0069 0.01 0.99 0.0088 0.010 Hat Value 
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Figure (4.15): CDO for model 3 at = 0.2

hat value

DFFIT

CD

DR

SPR

PR

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.1 0.15 0.2 0.25 0.3

C
D

O
 V

a
lu

e



Figure (4.16):Contimantations level effect on CDO for model 3 at  n=30
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4.4 Summary 
  

    The simulation results performed on three models by generating data for binary 

logistic regression to comparison between six outlier detection methods based on 

three measures namely CDO, UCD, UDO, and replicating the process 1000 times, 

the results were as follows:                                                                                         

(i)  For Single outlier: Results revealed   that the DFFIT is the most powerful   

method for detecting single outlier value where it has the highest value of CDO 

for all sizes n at the three models , followed by the CD and then Pr, Furthermore, 

the results revealed that  CDO of Hat value is the lowest. On the other hand, the 

average of uncorrected detection UCD of DFFIT and CD is high and this is 

weakens of   efficiency of these methods.                                                                  

  (ii) For multiple outliers:                                                                                         

 a) At model 1 at different level of contaminations and results appeared that CDO 

of DFFIT is the most powerful  method for detecting outlier values where  it has 

the highest value of CDO for all sizes n followed by CD and  Pr  this is reflect 

stability of behavior for this method. In addition, it has the highest value of UCD 
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Figure (4.17): UCD for model 3 at =0.2
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so this is weakens the efficiency of the method, despite their power to detect 

outlier values.                                                                                                                       

   b)  At model 2, 3 the results appeared that the CD has the highest CDO value 

at all size of n and at all of outlier ratio followed by Pr.  The results appeared 

that the CDO value is the highest at n = 30 at all the average of contaminations 

that have been developed and CDO of Hat value is the most weakness method, 

regardless the model or sample size. The UCD for CD and DFFIT is still the 

highest compare the other method.                                                                      

c) The powerful of the six method for detecting outlier's values is decreases 

when the level of contaminants increase this is due to the sensitivity of the 

logistic regression model to the outlier's values.                                                 

d) Regardless the model and sample sizes, the Hat value is the weakest method. 
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CHAPTER FIVE 

OUTLIER DETECTION IN LOGISTIC REGRESSION AND 

ITS APPLICATION IN LUEKEMIA DATA  

   

5.1 Introduction 

  
        This chapter aims to illustrate the considered outlier detection in logistic 

regression on real data set. Section (5.2) gives a brief description of the source, 

the nature and the summary statistics of leukemia data. The analysis of data, which 

includes the fitting of the model, parameters estimates and detection of possible 

outliers discussed in Section (5.3). This chapter ends up with a discussion of the 

obtained results.                                                                                                        

        

     5.2 Description of Data  

          Leukemia is a group of malignant tumors that usually begin in the bone 

marrow and characterized by a high number of abnormal white blood cells 

 , (. These resulting cells are completely immature and are called orthotics(WBC)

Hutter, 2010). Analysis of this type of data is very important in terms of medical 

predictability to know the condition of the patient, but we use this data to achieve 

in the objectives of the study, which is concerned with the detection outlier in the 

logistic regression.                                                                                                   

Data were firstly analyzed by Feigl, P. and Zelen, M. (1965) and it considered by 

(cook.1982). It consists of measurements for 30 leukemia patients. The response 

variable is binary where it takes 1 if the patient survived more than 52 weeks and 

0 otherwise. There are two covariates in the model the first is the white blood cell 

count (WBC) and the other is  AG status which is binary either  presence or 

absence of certain morphologic characteristic in the white cells. In other words 

AG =1 for positive Patients and AG = 0 for negative patients.                                 

 Table (5.1) presents the relative frequency of patients with respect to their 

survival statues there is 11 patients survived more than 52 weeks with percent 
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36.7% while 19 patients not survived with percent was 63.3%. Table (5.2) 

presents the summary statistics of the WBC, where the minimum value of WBC is 

750 and the maximum value of it was 100000, with range equals 99250 blood 

cells, with mean 26747.36 at not survive patients and 14022.73 at survive patients. 

The median is 21000  at not survive patients and 4400 73 at survive patients 

,which indicates a highly positive skewed distribution as shown in Figure (5.1) 

and supported by the Kolmogorov-Smirnovo(K-S) tests of normality with value 

0.231 and p-value =0.00, which dictate  that  WBC is not follow the normal 

distribution.                                                                                                              

                                         

 

 

 

 

 

 

 

 

 

 

 

 

 

Table (5.1): Relative Frequency of patients with respect to their 
survival statues, (n=30).                                                                                                     

Statues n Percentage 

Not survived 19 63.3 

survived 11 36.7 

Total 30 100.0 

Table (5.2 ):  Summary  Statistics of count of WBC  with respect to  
                       their survival statues, (n=30) 

survive n Minimum Maximum Mean Median skewness 
Std. 

Deviation 

(K-S) Tests 

value p-value 

0 19 1500 100000 26747.36 21000 1.7 25964.17 0.22 0.00 

1 11 750 100000 14022.73 4400 1.7 28712.48 0.46 0.00 
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 5.3 Modeling 

       The nature of Leukemia data with the binary survival variable suggests the 

use of logistic regression to fit the data.                                                                     

Firstly, we are going to consider the WBC and AG as two covariates. The proposed 

binary logistic regression model formulated by                                                       

                                    AG2+ β )WBC( 1β + 𝛼)= ilogit (y                                         

Table (5.3) gives the coefficients estimates of the proposed model. It show that 

WBC is non-significant estimation, where p-value is 0.272 which is more than 

0.05 .Thus, may refer to one of three reasons: 1- the WBC does not has an effect 

on the statues of patients with leukemia, which is a medical excluded or 2- there 

are outliers values made this variable is not significant or 3- the WBC need to be 

transformed.                                                                                                               

 

                                                                                                                       

Figure (5.1): Histogram for WBC for leukemia data, n=30                               
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The relative frequency table of AG factor reveals that about 15 negative patients 

with percentage 50% and the rest have positive AG as given in Table 

(5.4).                                                                                                                         

Its show also the presents Pearson Chi-square, which is 7.033 it is refer that there 

is no expected count less than 5. The p-value = 0.008 it is less than 0.05, thus Ag 

is effect on survival of patients.                                                                                      

  

Table (5.4) Relative Frequency of patients with respect to their survival statue,   

(n=30).                                                                                                           

AG Statues  (n) Percentage  

Chi-square Likelihood Ratio 

value p-value value p-value 

0 15 %50 

7.033 0.008 7.459 0.006 1 15 %50 

Total 30 %100 

 

Have previously indicated that WBC is not significant and may be needs to 

transform. Table (5.5) presents summary statistics of count of log(WBC ), which 

presents: The mean and median is 4.22,  4.32  respectively for not survive patients 

and 3.75, 3.64 respectively for survive patients ,and as shown in the  histogram in 

Figure(5.2), and as supported the Kolmogorov-Smirnovo tests(k-s) of normality 

with value 0.14 and 0.22  the p-value for each is greater than 0.05 and thus 

logWBC is follow the normal distribution. Comparing these results with the 

previous, we see that the diversion is appropriate to the models.  

Table (5.3):  Coefficients estimates of the logistic  model for  leukemia  data, 

                      (n=30).                                                                                                                       

Coefficients  B S.E. Wald `df P-value 

WBC .000 .000 1.206 1 .272 

AG 2.286 .946 5.843 1 .016 * 

Constant -1.427- .832 2.938 1 .087 

( * ) significant at 𝛂 =0.05      
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Table (5.6) compare between two independent groups of WBC by Mann-

Whitney test. Its show  the main ranks of WBC is 18.37, at not survival patients  

and 10.55 at survival patients , its show  that the  Mann Whitny  of p-value is less 

than  0.05  , explains that mean  ranks  of two independent group of  WBC are 

not equal and there are significant differences for not survive. The t-test  result 

in Table (5.7) revealed that p-value <0.05 so there are significant differences of 

Table (5.5):  Summary  Statistics   independent   of count log(WBC ) with  
                    respect  to their survival statue , of (n=30) 

survive n Minimum 
Maximu

m 
Mean Median skewness 

Std. 

Deviation 

(K-S) Tests 

value p-value 

0 
19 3.18 5.00 4.22 4.32 -0.45 

0.47 0.14 0.2 

 

1 11 2.88 5.00 3.75 3.64 0.96 0.54 0.22 0.2 

Figure (5.2): Histogram for log WBC for leukemia data 
n=30                           
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statistical significance between mean of independent goup of  WBC for patients 

not survive. 

 

Table (5.6): Summary test statistics of independent of count WBC, n=30 

 

survived (n) 
Mann-Whitney U 

value Main Ranks Sum of Ranks p-value 

0 19 50 18.37 349.00 
3.32 

1 11  10.55 116.00 

 
 

 

  

An alternative approach is to transform the WBC by taking the logarithm .Thus; 

the proposed binary logistic regression model formulated by: 

 

                                    AG2+ β )WBClog( 1β + 𝛼)= ilogit (y                                         

 

Results in Table (5.8) shows that the logWBC become significant after logarithmic 

transformation of WBC .The p-value of each   AG and logWBC is less than 0.05, 

which means that both of these variables have a significant effect. The positive 

value of coefficient of AG reveals the change from negative to positive statues of 

AG increase the probability of survival by two and half time. Vise versa with 

logWBC, so that it has negative coefficient. Where, any increase in the logWBC 

corresponding with decrease in the probability of the patient survival by about 

two times.  

Table(5.7):  Summary  test statistics of independent of  count logWBC, n=30   

survived (n) Mean Std. Deviation 
T-test 

value p-value 

0 19 4.22 0.47 
-2.524212 0.02 

1 11 3.75 0.54 
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Deviance of the model is 27, which is   less than the null deviance value. This 

indicates that the independent variables of the model affect the response variable. 

The coefficient of determination R2 = 0.355 which means that independent 

variables explain 35.5% of the variability of the response variable. Furthermore, 

the Chi-square statistic equal 13.132 with p-value equal 0.01, which indicate the 

significant of the fitted binary logistic regression model. 

 

  

 5.4 Identification of outlier's observation and detected: 

         (Cook, 1982) considered this data to illustrate the identification of 

influential observation and detected one observation (case 15) which is 

corresponding to a patient with WBC =100,000 who survived for a long period. 

In this section, we apply the six detection methods on the leukemia. As given in 

Table (5.9) and shown in the Figure (5.3) and Figure (5.4), we notice that all of 

Pr, and SPR methods identified the case number 15 as potential outlier. Figure 

(5.5) turns out that DR failed to identify any cases as outlier noting  that DR value 

at  case 15 was 1.98 it considered very close to defined status 15 as an effective 

value.                                                                                                                        

 

 

 

 

Table (5.8): Coefficients estimates of the logistic  model with logWBC, for  
leukemia data, n=30 
                           

p-value z- value Std. Error Estimate              Coefficients 

3.3070 1.658 0.260 7.368 constant 

*3.3037 2.306- 1.110 2.277-  Log WBC 

*3.3187 2.051 1.366 2.537 AG 

(*) significant at 0.05 level  
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Table (5.9): Values of outlier test statistic for leukemia data, (n=30).        

SPR PR DR CD DFFIT HV Index 

0.5534 0.3828 0.5229 0.0066 0.1917 0.1073 1 

0.322 0.22 0.3074 0.0018 0.1024 0.0921 2 

0.7306 0.5215 0.6937 0.011 0.2426 0.0985 0 

0.5853 0.4067 0.5532 0.0074 0.2022 0.1065 0 

-1.6874 -1.6263 -1.6083 0.0979 -0.5643 0.0916 5 

1.0524 0.818 1.0053 0.0230 0.3311 0.0874 6 

1.0324 0.7915 0.9864 0.0218 0.3238 0.0872 7 

-1.2158 -0.9718 -1.1532 0.039 -0.4153 0.1002 8 

-1.7387 -1.7132 -1.6552 0.1116 -0.5909 0.0937 0 

0.8951 0.6636 0.8543 0.0158 0.2826 0.0891 13 

1.0074 0.7677 0.9626 0.0205 0.3153 0.087 11 

-0.973 -0.7109 -0.9044 0.0309 -0.3922 0.1367 12 

-0.9415 -0.6800 -0.8719 0.0298 -0.3878 0.1423 10 

-0.8066 -0.5592 -0.7377 0.0244 -0.3592 0.1637 10 

2.1832 2.4709 1.9803 0.5327 1.1133 0.1772 15 

1.8362 1.8472 1.7230 0.1753 0.7203 0.1195 16 

1.6942 1.5286 1.5524 0.1772 0.7801 0.1604 17 

-0.8003 -0.5674 -0.7472 0.0181 -0.3089 0.1282 18 

-1.298 -0.9216 -1.1089 0.1436 -0.8117 0.2702 10 

-0.5411 -0.380 -0.5194 0.0044 -0.1578 0.0784 23 

-0.6982 -0.4938 -0.6606 0.0107 -0.2400 0.105 21 

-0.5143 -0.3608 -0.4947 0.0038 -0.1462 0.0749 22 

-0.3768 -0.2627 -0.3653 0.0016 -0.0951 0.0602 20 

-0.3172 -0.2208 -0.3085 0.001 -0.0756 0.0541 20 

-0.3116 -0.2168 -0.3031 0.0009 -0.0738 0.0535 25 

-0.2964 -0.2062 -0.2886 0.0008 -0.0690 0.0518 26 

-0.3232 -0.2249 -0.3142 0.0010 -0.0774 0.0547 27 

-0.3589 -0.2500 -0.3482 0.0014 -0.0891 0.0584 28 

-0.1863 -0.1299 -0.1829 0.0002 -0.0363 0.0369 20 

-0.1657 -0.1156 -0.1629 0.0001 -0.0306 0.0334 03 
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15 

Figure (5.3): Pearson residual for logistic model for leukemia data, n=30 
data  

Figure (5.4): Std. Pearson Residual for logistic model for leukemia data, n=30 
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      Cook's distance as shown in Figure (5.6) suggests   observations numbers 15, 

16 and 17 as outliers. While the case number 15 has the largest value, it is may be 

considered as outlier. In Figure (5.8), we see that DFFITS suggested three cases 

as outliers. The same the Cook's distance suggested. We may consider the case 

number 15 only as outlier because the DFFITS value of it is too far from the 

others. Since cases 16 and 17 equal 0.72030, 0.7801 respectively. Their limits of 

value considered as acceptable. As it explained in Figure (5.7), Hat value failed 

to identify any cases as outlier.                                                                                 

 

  

Figure (5.5): Deviance Residual for logistic model for leukemia, n=30 
data  
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Figure (5.6): Cook's distance for logistic model for leukemia data, n=30  

Figure (5.7): Hat value for logistic model for leukemia data, n=30  
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      The previous results gave us a perception of the values identified as outliers 

by the detection methods used. To verify the validity of the results, we deleted the 

case 15 that identified by the four methods namely DFFIT, CD, Pr and SPR and 

we will observe if the model is getting better after deleting this case. Table (5.10) 

shows that all variables in equation are still significant after deletion. Table (5.11) 

compare the Goodness-of-fit measure for full and reduced data after deleting case 

and  2Rincrease of  ,Square-Chiincrease of  result revealedhe T .number 15

decrease of log likelihood after deleting case. This also gives us a strong 

indication that the model has become better than before.                                           

 

 

 

 

                              

Figure (5.8): DFFIT for logistic model for leukemia, n=30 

data  

15 

16 
17 
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Table (5.10): Coefficients estimates of the logistic  model for leukemia data after 
                      delete case 15   

Coefficients B S.E. Wald df p-value Exp(B) 

logWBC -4.020- 1.741 5.333 1 .021 * .018 

AG 2.678 1.278 4.392 1 .036 * 14.563 

Constant 13.493 6.380 4.473 1 .034   724256.966 

( * ) significant at 𝛂 =0.05 

 
 

 
 

Table (5.11): Compare the Goodness-of-fit measure for full and reduced data 
                       after deleting case number 15    

Reduced Data 

(without observation 15 ) 
Full Data  

20.776 26.297 -2 Log likelihood 

.436 .355 Cox & Snell R Square 

.601 .485 Nagelkerke R Square 

 

 
 

 

DFFIT and CD defined case 16 and 17 as outliers. To verify that they were defined 

correctly by both methods, the researcher deleted these cases and refitted the 

model after deletion in order to note the change that happened to the model and if 

the model will be improved or not. The result obtained in Table (5.12) showed 

that the variables become not significant after deletion. Therefore, it is not 

necessary to delete both cases from data.                                                                   

 

  
Table(5.12): Coefficients estimates of the logistic  model for 
                       leukemia data after delete cases 16,17    

 Coefficients  B S.E. Wald df P-value. 

logWBC -1.849- 1.244 2.210 1 .137 

AG 21.595 10588.647 .000 1 .998 

Constant -13.756- 10588.648 .000 1 .999 
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5.5 Discussion                      

 
       The above analysis of Leukemia data and the fitting of the binary logistic 

regression showed that:                                                                                            

                                                                                              

-PR and SPR were the methods that identified the case 15 as an outlier value which 

are consistent in leukemia data with Cook, 1982.                                                        

                                              

- Both Cook's distance and DFFITS methods succeeded detecting case 15 as 

outlier although it considered two of cases as 16 and 17 as outlier despite of being 

not. The reason of that returns to the high ratio of uncorrected detection UCD at 

both of the two mentioned methods.  The simulation study proofs that result.          

                                                                        

- Deviance and Hat value method failed to identify any cases as an outlier. This 

returns to the weakness of the correct detection ratio CDO for both methods, also 

have high ratio of uncorrected detection UCD as concluded in Chapter 

4.                                                                                                                                

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



71 
 

 

CHAPTER SIX  

CONCLUSIONS 

 
6.1 Summary 

 
         This study aimed at shedding the light upon the considered used methods of 

outlier's detection in the logistic regression model. This issue motivates the 

researcher to investigate the efficient of those methods at different sample sizes 

and different contamination levels, also to determine the average of CDO and 

UCD for each method as a criterion to judge the effectiveness of these 

methods.                                                                                                                     

  6.2 Significance of the Study 

          In this study researcher used the considered methods of detecting outlier 

values in logistic regression and found out the most efficient method compared 

with the other methods in determining outlier values. The researcher used the R 

statistical programmer through an extensive simulation. The study has the 

following conclusion:                                                                                                                  

1) For single and multiple outliers, the methods that detected the outlier value 

correctly were PR, SPR, DFFIT, and Cook's distance correctly and they have high 

average of CDO.                                                                                                         

2) Cook's distance and DFFIT methods succeed in detecting the outlier cases 

.However, they have high average UCD. Therefore, according to the simulation 

result, they were incorrectly identified cases as outlier.                                          

3) The average of CDO of DR method is less than the average the other methods. 

It sometimes fails to identify any cases as outlier, so it considered as a weak 

method for detection outlier.                                                                                     

4)  The Hat value is the weakest method. Regardless of the model or the sample 

size, it has the largest average of UCD compared with the other methods.             
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5) According to these results, we consider that the best methods of detecting the 

outlier values are the PR and SPR methods. They correctly defined the outlier 

value with high CDO and low average in UCD.                                                     

                                        

6.3 Further Research 

 There are several possibilities for further research in this issue. Some suggestions 

given as follows:                                                                                                      

1) Comparing various methods of multiple outlier detection methods using 

simulation. 

2) Comparing the methods used in this study with other methods not 

discussed such as GSPR and GDFFITS. 

3) Reconsider the analysis of previous researches did not consider the issue 

of outlier in fitting the logistic regression     
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APPENDICES  

 

Appendice 1: Leukemia data for logistic regression, Source: Feigl and Zelen (1965) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Log (WBC) AG WBC survived number 

3.361728 1 2300 1 1.  

2.875061 1 750 1 2.  

3.633468 1 4300 1 0.  

3.414973 1 2600 1 0.  

3.778151 0 6000 1 5.  

4.021189 1 10500 1 6.  

4 1 10000 1 7.  

4.230449 0 17000 1 8.  

3.732394 0 5400 1 0.  

3.845098 1 7000 1 13.  

3.973128 1 9400 1 11.  

4.50515 0 32000 1 12.  

4.544068 0 35000 1 10.  

4.716003 0 52000 1 10.  

5 1 100000 1 15.  

3.643453 1 4400 0 16.  

3.477121 1 3000 0 17.  

3.60206 0 4000 0 18.  

3.176091 0 1500 0 10.  

3.954243 0 9000 0 23.  

3.724276 0 5300 0 21.  

4 0 10000 0 22.  

4.278754 0 19000 0 20.  

4.431364 0 27000 0 20.  

4.447158 0 28000 0 25.  

4.491362 0 31000 0 26.  

4.414973 0 26000 0 27.  

4.322219 0 21000 0 28.  

4.897627 0 79000 0 20.  

5 0 100000 0 03.  
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 Appendice 2: Code of R statistical program to add single of outlier for model 1  

 # (666)set.seed  

outdet = function(n,k,b0,b1,b2) {  

x1 = rnorm(n)           # some continuous variables  

x2 = rnorm(n)            # some continuous variables 

z = b0 + b1*x1 + b2*x2        # linear combination with a bias 

pr = 1/(1+exp(-z))         # pass through an inv-logit function 

y = rbinom(n,1,pr)      # bernoulli response variable 

 #To add one outliers  

op<- sample(c(1:n),size=1,replace =FALSE) 

yCont<-y  

for(i in 1:length(op)){ 

  yCont[op[i]]<-yCont[op[i]]+2 

  if (yCont[op[i]]==2){yCont[op[i]]=1} 

  if (yCont[op[i]]==3){yCont[op[i]]=0} 

}  

# print op 

df = data.frame(y=yCont,x1=x1,x2=x2) 

modle<-glm(yCont~x1+x2,data=df,family="binomial") 

 ###outlier of  Pearson method ##### 

per<-abs(residuals(modle,"pearson")) 

perout<-per>2 

names(perout[perout[TRUE]]) 

## #Ratio of correct detection outliers (CDO) for pearson method ### 

PR<-names(perout[perout[TRUE]]) 

perA<-intersect(PR,op) 

# print perA 

TPO_per<-length(perA)/length(op) 

## #uncorrect detiction position outliers ratio (UCD) for pearson method### 

perB <-setdiff(PR,op) 

FPO_per<-length(perB)/n 

ٌ # Ratio of undetiction outlier (UDO)for pearson method### 

UDO_per<-1-TPO_per 

R1<-c(TPO_per,FPO_per,UDO_per) 
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w1<-matrix(R1,1,3) 

 ####detiction outliers by standerdized pearson residuals ### 

rst<-abs(rstandard(modle)) 

rstout<-rst>2 

names(rstout[rstout[TRUE]]) 

 ####Ratio (CDO)for standerdized pearson method #### 

SP<-names(rstout[rstout[TRUE]]) 

SPA<-intersect(SP,op) 

TPO_SP<-length(SPA)/length(op) 

###### Ratio of (UCD) for standerdized  pearson method 

SPB <-setdiff(SP,op) 

FPO_SP<-length(SPB)/n 

 ####### Ratio of (UDO) for standerdized  pearson method 

UDO_SP<-1-TPO_SP 

R2<-c(TPO_SP,FPO_SP,UDO_SP) 

w2<-matrix(R2,1,3) 

 ####### detiction outliers by deviance residuals 

DR<-abs(residuals(modle,"deviance")) 

drout<-DR>2 

names(drout[drout[TRUE]]) 

 ######## Ratio of (CDO)for deviance residuals method 

DP<-names(drout[drout[TRUE]]) 

DPA<-intersect(DP,op) 

TPO_DR<-length(DPA)/length(op) 

 ######## Ratio of  (UCD) for deviance residuals method 

DPB <-setdiff(DP,op) 

FPO_DR<-length(DPB)/n 

 ####Ratio of (UDO)for deviance residuals method #### 

UDO_DR<-1-TPO_DR 

R3<-c(TPO_DR,FPO_DR,UDO_DR) 

w3<-matrix(R3,1,3) 

 ####detiction outliers by cooks distance### 

cd <- cooks.distance(modle) 

cdout<- cd > 4/n 
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names(cdout[cdout[TRUE]])  

 ######## Ratio of (CDO) for cooks distances method 

CD<-names(cdout[cdout[TRUE]]) 

CDA<-intersect(CD,op) 

TPO_CD<-length(CDA)/length(op) 

 ######## Ratio of  (UCD) for COOKS DISTANT method 

CDB <-setdiff(CD,op) 

FPO_CD<-length(CDB)/n 

 ######## Ratio of (UDO) for cooks distances  method 

UDO_CD<-1-TPO_CD 

R4<-c(TPO_CD,FPO_CD,UDO_CD) 

w4<-matrix(R4,1,3) 

 ######## detiction outliers by DFFIT 

DFT<-abs(dffits(modle)) 

DFout<- DFT > 2*sqrt(k/n)   

names(DFout[DFout[TRUE]])  

 ########  Ratio of (CDO) for DFFITS method 

DF<-names(DFout[DFout[TRUE]]) 

DFA<-intersect(DF,op) 

TPO_DF<-length(DFA)/length(op) 

 ####### Ratio of (UCD) for DIFFTS method 

DFB <-setdiff(DF,op) 

FPO_DF<-length(DFB)/n 

 #### Ratio of (UDO)for DIFFTS  method#### 

UDO_DF<-1-TPO_DF 

R5<-c(TPO_DF,FPO_DF,UDO_DF) 

w5<-matrix(R5,1,3) 

 ###detiction outliers by hatvalue####  

Hat<-hatvalues(modle) 

hatout<- Hat > 2*(k+1)/n 

names(hatout[hatout[TRUE]]) 

 ######## Ratio of  (CDO)for HATVALUE method 

HV<-names(hatout[hatout[TRUE]]) 

hvA<-intersect(HV,op) 
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TPO_HV<-length(hvA)/length(op) 

 ######## Ratio of (UCD) for HATVALUE method 

hvB <-setdiff(HV,op) 

FPO_HV<-length(hvB)/n 

 ######## Ratio of (UDO)for HATVALUE  method   

UDO_HV<-1-TPO_HV 

R6<-c(TPO_HV,FPO_HV,UDO_HV) 

R7<-c(R1,R2,R3,R4,R5,R6) 

list(R7=R7) 

w6<-matrix(R6,1,3) 

w7= c(w1,w2,w3,w4,w5,w6) 

list(w7=w7) 

rownames=c("TPO","FPO","UDO") 

colnames=c("pearson","st-pearson","Devianc","cooks-distance","DIFFT","Hatvalue") 

w8<-matrix(w7,nrow = 3,ncol =6, byrow = FALSE, dimnames = list(rownames, colnames)) 

w8 

} 

outdet_simu=function(n,k,b0,b1,b2,simu){ 

  list_R7=matrix(0,simu,18) 

 { for(i in 1:simu) 

    list_R7[i,]= outdet(n,k,b0,b1,b2) } 

  output<-apply(list_R7,2,mean) 

  rownames=c("TPO","FPO","UDO") 

  colnames=c("pearson","st-pearson","Devianc","cooks-distance","DIFFT","Hatvalue") 

  Outputfinal<-matrix(output,nrow = 3,ncol =6, byrow = FALSE, dimnames = list(rownames, colnames)) 

  list (Outputfinal=Outputfinal ) 

} 

### outdet_simu(n,k,b0,b1,b2,10000) ### 
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Appendice 3: Code of R statistical program to add multiple  of outlier for model 2 

outdet = function(n,k,b0,b1,b2,b3,Cont)}  

   ######Generating Data ###                         ### number of independent variables                       

  x1 = rnorm(n)               # some continuous variables    

  x2 = rnorm(n)               # some continuous variables 

  x3=rnorm(n)                 # some continuous variables                    

  z = b0 + b1*x1+b2*x2+b3*x3      # linear combination with a bias 

  pr = 1/(1+exp(-z))          # pass through an inv-logit function 

  y = rbinom(n,1,pr)          # bernoulli response variable  

  df = data.frame(y=y,x1=x1,x2=x2,x3=x3) 

  modle<-glm(y~x1+x2+x3,data=df,family=binomial) 

       ###### commination level  

  op<- sample(c(1:n),size=(n*Cont),replace =FALSE) 

  op 

  yCont<-y 

 } for(i in 1:length(op)) 

    yCont[op[i]]<-yCont[op[i]]+2 

    if (yCont[op[i]]==2){yCont[op[i]]=1} 

    if (yCont[op[i]]==3){yCont[op[i]]=0} 

  } 

  op 

  df = data.frame(y=yCont,x1=x1,x2=x2,x3=x3) 

  modle<-glm(yCont~x1+x2,data=df,family="binomial")   

   ### detiction outliers by Pearson residuals###   

  per<-abs(residuals(modle,"pearson")) 

  perout<-per>2 

  names(perout[perout[TRUE]]) 

                                                                                                                                          ####calculate ratio ##### 

  #### Ratio of  (CDO)for Pearson method#### 

  PR<-names(perout[perout[TRUE]]) 

  perA<-intersect(PR,op) 

  # print perA 

  TPO_per<-length(perA)/length(op) 
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  ##### Ratio of (UCD) for Pearson method 

  perB <-setdiff(PR,op) 

  FPO_per<-length(perB)/n 

 ### # Ratio of (UDO)for Pearson method#### 

  UDO_per<-1-TPO_per 

  R1<-c(TPO_per,FPO_per,UDO_per) 

  w1<-matrix(R1,1,3) 

   ######## detection outliers by Standardized Pearson residuals  

  rst<-abs(rstandard(modle)) 

  rstout<-rst>2 

  names(rstout[rstout[TRUE]]) 

   ######## Ratio of (CDO)for Standardized Pearson method 

  SP<-names(rstout[rstout[TRUE]]) 

  SPA<-intersect(SP,op) 

  TPO_SP<-length(SPA)/length(op) 

  ####### Ratio of (UCD) for Standardized Pearson method 

  SPB <-setdiff(SP,op) 

  FPO_SP<-length(SPB)/n 

   #### Ratio of (UDO)for Standardized Pearson method#### 

  UDO_SP<-1-TPO_SP 

  R2<-c(TPO_SP,FPO_SP,UDO_SP) 

  w2<-matrix(R2,1,3) 

   #### detection outliers by deviance residuals#### 

  DR<-abs(residuals(modle,"deviance")) 

  drout<-DR>2 

  names(drout[drout[TRUE]]) 

   ######## Ratio of  (CDO)for deviance residuals method 

  DP<-names(drout[drout[TRUE]]) 

  DPA<-intersect(DP,op) 

  TPO_DR<-length(DPA)/length(op) 

   ####Ratio of (UCD) for deviance residuals method #### 

  DPB <-setdiff(DP,op) 

  FPO_DR<-length(DPB)/n 

 #### Ratio of (UDO)for deviance residuals method#### 
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  UDO_DR<-1-TPO_DR 

  R3<-c(TPO_DR,FPO_DR,UDO_DR) 

  w3<-matrix(R3,1,3) 

   ####detiction outliers by cooks distance 

  cd <- cooks.distance(modle) 

  cdout<-cd >(4/n) 

  names(cdout[cdout[TRUE]])  

   ######## Ratio of  (CDO) for cooks distances method 

  CD<-names(cdout[cdout[TRUE]]) 

  CDA<-intersect(CD,op) 

  TPO_CD<-length(CDA)/length(op) 

   ######## Ratio of  (UCD) for COOKS DISTANT method 

  CDB <-setdiff(CD,op) 

  FPO_CD<-length(CDB)/n 

  ٌ ####Ratio of (UDO)for cooks distances  method #### 

  UDO_CD<-1-TPO_CD 

  R4<-c(TPO_CD,FPO_CD,UDO_CD) 

  w4<-matrix(R4,1,3) 

   ####detiction outliers by DFFIT###  

  DFT<-abs(dffits(modle)) 

  DFout<- DFT > 2*sqrt(k/n)   

  names(DFout[DFout[TRUE]])  

   ######## Ratio of (CDO)for DFFIT method 

  DF<-names(DFout[DFout[TRUE]]) 

  DFA<-intersect(DF,op) 

  TPO_DF<-length(DFA)/length(op) 

   ######## Ratio of (UCD) for DIFFTS method 

  DFB <-setdiff(DF,op) 

  FPO_DF<-length(DFB)/n 

   #### Ratio of (UDO)for DIFFTS  method#### 

  UDO_DF<-1-TPO_DF 

  R5<-c(TPO_DF,FPO_DF,UDO_DF) 

  w5<-matrix(R5,1,3) 

   ######detiction outliers by hatvalue  
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  Hat<-hatvalues(modle) 

  hatout<- Hat > 2*(k+1)/n 

  names(hatout[hatout[TRUE]]) 

   ######## Ratio of  (TPO)for HATVALUE method 

  HV<-names(hatout[hatout[TRUE]]) 

  hvA<-intersect(HV,op) 

  TPO_HV<-length(hvA)/length(op) 

   ######## Ratio of (UCD) for HATVALUE method 

  hvB <-setdiff(HV,op) 

  FPO_HV<-length(hvB)/n 

   ######## Ratio of (UDO)for HATVALUE  method   

  UDO_HV<-1-TPO_HV 

  R6<-c(TPO_HV,FPO_HV,UDO_HV) 

  R7<-c(R1,R2,R3,R4,R5,R6) 

  list(R7=R7) 

  w6<-matrix(R6,1,3) 

  w7= c(w1,w2,w3,w4,w5,w6) 

  list(w7=w7) 

  rownames=c("TPO","FPO","UDO") 

  colnames=c("pearson","st-pearson","Devianc","cooks-distance","DIFFT","Hatvalue") 

  w8<-matrix(w7,nrow = 3,ncol =6, byrow = FALSE, dimnames = list(rownames, colnames)) 

  w8 

} 

 #####simulation programe ##### 

outdet_simu=function(n,k,b0,b1,b2,b3,Cont,simu){ 

  list_R7=matrix(0,simu,18) 

  for(i in 1:simu){ 

    list_R7[i,]= outdet(n,k,b0,b1,b2,b3,Cont) } 

  output<-apply(list_R7,2,mean) 

  rownames=c("TPO","FPO","UDO") 

  colnames=c("pearson","st-pearson","Devianc","cooks-distance","DIFFT","Hatvalue") 

  Outputfinal<-matrix(output,nrow = 3,ncol =6, byrow = FALSE, dimnames = list(rownames, colnames)) 

  list (Outputfinal=Outputfinal ) } 

#Power(n,k,b0,b1,b2,b3,Cont,simu) 
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