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Magnetostatic surface waves have been investigated in a layered system of a nonlinear
nonmagnetic negative permittivity material (NPM) and Ferrite (YIG). We derived the
dispersion relation before numerically solving the dispersion relation of the TE nonlinear
magnetostatic surface waves (NMSSW) in the proposed structure and the power flow.
We found out that the wave effective nonlinear refractive index is much smaller in the
forward direction than in the backward direction and consequently, the power flow is
lower for the forward direction than the backward direction.
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1. Introduction

New artificial materials which have been investigated recently exhibit both negative

permeability and permittivity over a certain range of frequencies. In these materials,

the wave vector, the electric field, and the magnetic field form a left-handed system.

Thus, they are called left-handed materials (LHM).

Recently, a group of researchers at the University of San Diego were able

to synthesize an artificial dielectric medium (metamaterials). They were able to

demonstrate that these materials exhibit both negative dielectric permittivity and

magnetic permeability simultaneously over a certain range of frequencies.2 By this

realization, the prediction of Veselago1 in his pioneer paper that electromagnetic

propagation in an isotropic medium with negative dielectric permittivity ε(ω) < 0

and negative permeability µ(ω) < 0 can exhibit unusual properties was realised. In

such materials (LHM) the electric field vector E, the magnetic field vector H, and
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the wave vector k form a left-hand orthogonal set. These recent demonstrations on

the existence of the LHM resulted in the left door being left wide open to unique

possibilities in the design of a novel type of device based on electromagnetic wave

propagation in these materials, but in a non-conventional way. Pendry and oth-

ers3–5 demonstrated that a slab of lossless LHM can provide a perfect image of a

point source. A slab of the LHM can serve as a perfect lens, sometimes called super-

lenses, since the resolution of these lenses do not depend on the wavelength of the

illuminating wave. Shadrivov et al.
6 have studied the guided modes in a negative-

refractive-index (LHM) slab waveguide. They found some peculiar properties such

as the absence of fundamental modes, mode double degeneracy, and sign varying

energy flux.

Recently, Shadrivov et al.
7,8 proposed a nonlinear LHM structure, and Podolskiy

and Narimanov have9 proposed nonmagnetic linear LHM.

Ferrites represent a class of solid ceramics materials that have crystal struc-

ture. These materials are ferromagnetic; they are considered to be good insulators

with high permeabilities, dielectric constants ranging between 10 and 15 or perhaps

larger. In addition, they possess properties that allow strong interaction between

the magnetic dipole moment associated with the electron spin and the microwave

electromagnetic fields. As a result of these interactions, ferrite exhibits nonrecipro-

cal properties such as different phase constant and phase velocities for right and left

circularly polarized waves, transmission coefficients that are a function of the direc-

tion of propagation, and permeability represented by a tensor rather than a single

scalar. These characteristics have become important in the design of nonreciprocal

microwave devices.10

A growing interest in studying the electromagnetic surface waves of either linear

or nonlinear waves of waveguide structure, containing left-handed materials, is mo-

tivated by potential applications of these artificial materials. Hamada, Shabat, and

Jäger11 have recently investigated the propagation characteristics of TM nonlinear

surface waves in a left-handed material structure. Magnetostatic surface waves12–18

are also interesting due to their applications in microwave engineering devices such

as isolators, circulators, and signal processors.

This paper investigates a theory of NMSSW at the boundary of a Ferrite-

nonlinear nonmagnetic negative permittivity material NPM. Thus, we have pro-

posed a new lossless nonlinear and nonmagnetic negative permittivity material

NPM and are studying the electromagnetic waves propagation in a ferrite-nonlinear

nonmagnetic NPM structure in the GHz range of frequencies.

This paper has been organized as follows: Sec. 2 is devoted to the nonlin-

ear nonmagnetic NPM structure. In Sec. 3, we derive the dispersion relation

of the surface waves in a ferrite-nonlinear nonmagnetic NPM structure and the

power flow. In Sec. 4, we discuss the outcomes. Section 5 is solely devoted to the

conclusion.
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2. Nonlinear Nonmagnetic NPM

Left handed materials are composite materials as they do not exist in nature.1 Re-

searchers have to introduce arrays of split ring resonators and wires into the host

material to change their magnetic and electric properties. The function of the split

ring resonator (SRR) is to make the effective value of the magnetic permeability

negative over a certain range of frequencies, and the function of the wires in the

structure is to make the effective permittivity of the composite material negative

over the same range of frequencies.2 Shadrivov et al.
6 had proposed the structure

and properties of the nonlinear LHM. They used a two dimensional composite

structure consisting of a square lattice of periodic arrays of conducting wires and

SRRs impeded in a nonlinear dielectric material to induce both nonlinear effective

electric permittivity and nonlinear magnetic permeability. Also, they assumed that

the unit cell size d is smaller than the wavelength of the propagating EM field.6–8

This simultaneous nonlinearity in the electric and magnetic properties of the LHM

makes the structure very difficult to deal with, especially if we study the electro-

magnetic waves propagation characteristics, considering that this material is used

with other classes of materials. Recently, Podolskiy and Narimanov have9 proposed

the use of linear nonmagnetic left-handed material with µ = 1. We used notions of

the linear nonmagnetic left-handed material with the notion of the nonlinear left-

handed material in one model, which is nonlinear nonmagnetic NPM. The effective

nonlinear dielectric permittivity is induced by an array of conducting wires hosted

in a nonlinear dielectric medium with its nonlinear coefficient. It varies only in one

direction of propagation. The geometry and the physical characteristics of the con-

ducting wires are as follows: d is the wire spacing, r is the wire radius, and c is the

speed of light. Assuming no losses, the effective nonlinear dielectric permittivity is6

εNL
eff (|E|2) = εD(|E|2) −

ω2
p

ω2
. (1)

Thus ωp ≈ (c/d)[2π/ ln(d/r)]1/2 is the effective plasma frequency, and εD(|E|2) is

the Kerr nonlinearity of the dielectric in the composite material

εD(|E|2) = εD0 + α|E|2/E2
c . (2)

Thus Ec is the characteristic electric field, εD0 is the linear dielectric constant, and

α = ±1 stands for the focusing or defocusing nonlinearity, respectively.6–8 Notice

that the second term of Eq. (1) is in full agreement with the earlier result obtained

by Pendry et al.
19,20

It is worth noting that the nonlinear nonmagnetic NPM behaves like metals

but with better performance. Because of the host material, this performance im-

provement is made using nonlinear dielectric material and the electric permittivity

can be controlled by controlling the physical properties of the wires structure. This

situation gives the nonlinear nonmagnetic NPM an advantage over the metals and

nonlinear dielectric materials.
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Figure (1): The geometry of the problem, nonlinear nonmagnetic NPM, the cover, and the Ferrite 
Fig. 1. The geometry of the problem, nonlinear nonmagnetic NPM, the cover, and the Ferrite
(YIG), the substrate.

3. Theory

3.1. The dispersion relation

Figure (1) shows the geometry and coordination of the structure under investi-

gation. The structure is the nonlinear nonmagnetic NPM, which varies in its non-

linearity only in the direction of propagation in the cover (z > 0) above the ferrite

substrate (z < 0). We briefly outline the derivation of the dispersion relation for

TE surface waves in the structure. In this context, we consider a TE polarized wave

propagating along the z direction with angular frequency ω and effective nonlinear

wave number β. The electromagnetic field components are:

E = [0, Ey, 0] exp(ik0(βx − ct)) , (3)

H = [Hx, 0, Hz] exp(ik0(βx − ct)) . (4)

Thus k0 = ω/c.

Substitution of Eqs. (3) and (4) into Maxwell’s equation yields the following

nonlinear differential equation to satisfy Ey1 in the nonlinear nonmagnetic NPM

slab15

∂2Ey

∂z2
− k2

0(β
2 − εD0 − α1E

2
y)Ey = 0 . (5)

Thus α1 = α/Ec. The solution of the nonlinear differential equation (4) has the

following form,13,14

Ey1 = k1/k0(2/α1)
1/2 sec h(k1(z − z0)) . (6)

Thus k1 = k0(β
2 − εD0)

1/2 is the wave number in the nonlinear nonmagnetic NPM

region, and z0 is the integration constant where the maximum of the electric field

lies in the nonlinear region.
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The permeability tensor of YIG (Ferrite) µ̄ is given by

µ̄ =







µ 0 jν

0 1 0

−jν 0 µ






. (7)

Also, the substitution of Eqs. (3) and (4) into Maxwell’s equation yields the follow-

ing magnetic fields in the ferrite substrate15

Hz2 = Ak exp(kz) , (8)

Hx2 = −ikA exp(kz) , (9)

Bz = µ0k(µ + Sν)A exp(kz) . (10)

The dispersion relation can be found by matching the field components at the

interface, z = 0, which give

β2 = [1/(µ + Sν)2 − 1][ε′D(µ + Sν)2 + u[(ω2µ2
0)(µ + Sν)4]] (11)

where,

u = A2α1/2 , (12)

µ = µ0[1 + (ω0ωm)/(ω2
0 − ω2)] , (13)

ν = µB [(ω0ωm)/(ω2
0 − ω2)] . (14)

Thus ω0 = γµ0H0 where H0 is the magnitude of the dc biasing magnetic field

applied in the y direction and γ = ge/2mc is the gyromagnetic ratio where g is

the g-factor, which is a measure of the strength of the spin-orbit coupling, e is the

electronic charge, c is the speed of light, and m is the mass of the electron. µB

is the optical magnon permeability, ωm = γµ0M0 where M0 is the dc saturation

magnetization, and S = ±1 for forward and backward propagation respectively,10

and ε′D is εD0 −
ω2

P

ω2 . It is worth noting that the dispersion relation is quite different

for forward compared to backward propagation, which may result in the useful

application of such a structure.

3.2. Power flow

The power flux of the TE surface waves along with the direction of propagation

can be found by integrating the Poynting vector

P =
1

2

∫

(E × H∗)dz =
1

2

∫

EyHzdz ≡ PNPM + PF . (15)

Thus PNPM and PF stand for the power flux in the nonlinear nonmagnetic NPM

and ferrite respectively.

PF = 0.25(ωµ0(µ + Sν)/k2)A
2 , (16)
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where

A = (1/ω2k2
0µ

2
0)(2/α1)[k

2
1(µ + Sν)2 − β2]/(µ + Sν)4 (17)

and,

PNPM = (βk1/k2
0ωµ0)(1/α1)[1 + β/(k1(µ + Sν))] . (18)

4. Numerical Results and Discussion

The dispersion relation in Eq. (11) was numerically solved to calculate the propaga-

tion characteristics: the effective nonlinear refractive index, the effective loss factor,

and the power flux for the structure under investigation. The parameters of the

nonlinear nonmagnetic NPM are adjusted so that the parameter εNL
eff is negative

in the same frequency range suitable for Ferrite material. The numerical calcula-

tions were carried out for the following numerical values: the numerical values for

Ferrite material (YIG) can be found in Ref. 10. The parameters for the nonlinear

nonmagnetic NPM are: α = 1, ωp = 2π × 109 Hz, εD0 = 2.5, Ec = 0.2 V/m, and u

is the interface nonlinearity, which equals A2α1/2.

In Figs. 2(a) and 2(b), we plot the effective nonlinear wave refractive index versus

the frequency at different levels of the interface nonlinearity. In the forward direction

propagation, the slope of the effective nonlinear wave index is positive, but after a

certain frequency the slope changes to be negative. This means that the interface

nonlinearity flow changes its direction by changing the operating frequency. The

contrast between the forward propagation and the backward propagation is very

large. Compare between Figs. 2(a) and 2(b). This means that the electromagnetic

wave travels much faster in the forward direction, S = 1, than in the backward

direction, S = −1. Also, the increase in input optical power, which induces the

nonlinearity of the nonlinear nonmagnetic NPM, would result in a slowing down of

the electromagnetic propagation through the structure. The lower curves are with

Figure 2: a. the effective nonlinear wave index foFigure 2: a. the effective nonlinear wave index for forward propagation, S=1, at different values of 
Fig. 2. (a) The effective nonlinear wave index for forward propagation, S = 1, at different values

of interface nonlinearity. (b) Shows the effective nonlinear wave index for backward propagation
with S = −1, with the interface nonlinearity of (a).



May 29, 2007 17:8 WSPC/140-IJMPB 03712

Magnetostatic Surface Waves in Ferrite-Nonlinear Nonmagnetic NPM Structure 1957

Figure 3: a. The normalized power flux versus Figure 3: a. The normalized power flux versus frequency at several interface nonlinearity values, 
Fig. 3. (a) The normalized power flux versus frequency at several interface nonlinearity values,
with S = 1. The normalized power flux versus frequency at several interface nonlinearity values,
with S = −1.

interface nonlinearity of 0.2, while the higher curves are with interface nonlinearity

of 0.8.

In Fig. 3(a), we plot the normalized power flow Pn, where P0 = 1
2α1ε0ω , versus

frequency at different values of interface nonlinearity, u. The optical power flow

would reach its maximum value between 1.8 GHz to 2.2 GHz for forward propaga-

tion. In Fig. 3(b), the normalized power versus the operating frequency at different

interface nonlinearity gives values for backward propagation. It is noticeable that

there is a drastic difference between the power flow in the backward and forward

propagation, a property which means that this structure is a good optical isolator.

In Fig. 4, we plot the normalized power flow versus the effective nonlinear wave

index for both forward and backward propagation at different values of interface

nonlinearity. In Fig. 4(a), the normalized power shows bistability and the obesity

of the curve increases with increasing interface nonlinearity. In Fig. 4(b), in the

backward propagation, the normalized power flow increases with the interface non-

Fig. 4. (a) The normalized power flow versus the effective nonlinear wave index at different
optical power values, with S = 1. In Fig. 4(b) the normalized power flow curve versus the effective
nonlinear wave index at different interface nonlinearity values, with S = −1.
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Figure 5: the effective nonlinear wave index versusFigure 5: the effective nonlinear wave index versus the interface nonlinearity at different operating Fig. 5. The effective nonlinear wave index versus the interface nonlinearity at different operating
frequencies for forward (a) and backward (b) propagation.

Fig. 6. The normalized power flow versus interface nonlinearity at several operating frequencies
in the range for forward (a) and backward (b) propagation.

linearity, keeping the slope and direction of this increase, but the value increases

with an increase in interface nonlinearity.

In Fig. 5, we study the interface nonlinearity effect on the effective nonlinear

wave index at different frequencies in the operating range where the value of εNL
eff

is negative. In Fig. 5(a), we notice that when the interface nonlinearity increases,

the characteristic curves start to become closer to each other. This means that the

nonlinearity starts to add a little effect to the propagation characteristics in the

structure. In the meantime, this effect is absent in the backward propagation, the

space between the curves left unchanged by changing the value of the interface

nonlinearity.

In Fig. 6, we plot the normalized power flow versus the interface nonlinearity at

several frequencies in the range. In Fig. 6(a), the power flow curves get closer to each

other when the level of the operating frequency increases for forward propagation,

but this effect does not appear for backward propagation.

In Fig. 7, we plot the phase shift ∆β = β+ − β− versus the frequency for

different values of interface nonlinearity, where β± are for forward and backward
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Fig. 7. Phase shift ∆β versus the operating frequency at different interface nonlinearities.

propagation respectively. We notice that the phase shift increases by increasing the

level of nonlinearity induced at the interface. The phase shift almost maintains the

same value over the frequency range for a certain interface nonlinear value.

5. Conclusion

Here, we introduced a design for nonlinear nonmagnetic negative permittivity ma-

terial NPM. By virtue of this design, we can have materials that behave like metals,

but its characteristics are under the control of the designer. The numerical solution

of the dispersion relation for Ferrite (YIG)-nonlinear nonmagnetic NPM structure

numerically showed that such a structure has a very high reciprocity, a property

which means that this structure can be used as a good optical isolator.
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